ANALYTIC LOCAL RESOLUTION OF MEDVEDEV’S MORSE INDEX
CONJECTURE FOR THE CRITICAL HYPERBOLIC CATENOID IN H?

ALEXANDER PIGAZZINI

ApsTrACT. Let ¥, C B3(r(a)) C H® (a > 1/2) be the critical hyperbolic catenoid of the Mori
family, a free boundary minimal surface in the geodesic ball. The Medvedev conjecture [15,
Remark 5.6] asserts that ind(X,) = 4 for every a > 1/2. We consider here the strong form
of this conjecture, namely ind(X,) = 4 and nul(3,) = 2. The nullity condition nul(X,) = 2
combines the mode-|k| = 1 result nulR(Ea)“kl:1 = 2 of [17, Cor. 4.4] with the additional

requirement of vanishing kernel in modes |k| = 0 and |k| > 2; this latter requirement, not
addressed in [17], is part of the analytic content of the present paper and is established in the
local regime a € (1/2,1/2 4+ do).

The principal quantitative result of the paper is the analytic local resolution of the strong
Medvedev conjecture: there exists dop > 0 such that ind(X,) = 4 and nul(X,) = 2 for every
a € (1/2,1/2 4+ é0). This follows from an explicit closed form for the leading asymptotic
coefficient of H(a) := sinhr(a)/K(a) as a — (1/2)7,

1 1.2 0. cosh o, (sinh? o, — 1)(3sinh® o — 2)
H(a) = o« cosho.+Cy (a—§)+0((a—§) ), Co = 12sinhZo. ,
where o, > 0 is the unique positive root of o = coth o, together with the analytic proof that
Co > 0 via o, > log(1 + \/5)

The route to the local resolution proceeds through three analytic reductions of independent
interest: (i) the Medvedev conjecture is shown to be equivalent to the conjunction of two
spectral conditions, p5"*"(2) > 0 (condition (E)) and p2(0) > 0 together with spectral non-
degeneracy in mode 0 (condition (F)); (ii) the eigenvalue inequality u2(0) > 0 is reduced,
via a Sturm shooting-count argument, to the geometric positivity ¢, > 0 of the parametric
Jacobi field on the principal branch; (iii) the positivity ¢, > 0 is in turn reduced, under the
strict geometric inequality sinhr(a) > 2K (a) (condition (G)), to the one-dimensional scalar
differential inequality H'(a) > 0, via a constant Wronskian identity and a Sturm separation
argument.

Auxiliary results include: a Picone identity with base f. yielding the unconditional closure
of the odd radial sector in modes |k| > 2; a second Picone identity with base B proving (E)
unconditionally on (1/2,1] and, via explicit Hardy estimates, on (1/2, A.] for some A, > 1; the
analytic closure of (G) on (1/2,1] via strict concavity of a transcendental function; and a short
alternative proof of the lower bound ind(3,) > 4 via the four Lorentz ambient coordinates as
test functions.

1. INTRODUCTION AND MAIN RESULT

In the last decade, research on free-bounded minimal surfaces in spatial forms has attracted
much interest, see the constructions by Folha-Pacard—Zolotareva [9] in the Euclidean unit ball,
the eigenvalue-theoretic approach of Lima—Menezes [14] in spherical caps, the recent free bound-
ary CMC constructions of Cerezo-Fernandez—Mira [3] in geodesic balls of S* and H?, and the
compactness and index estimates of Ambrozio—Carlotto—Sharp [1, 2] and Sargent [18|. The
connection between FBMS in Euclidean balls and Steklov eigenvalue problems was initiated by
Fraser—Schoen [10, 11]. For the Euclidean critical catenoid, the Morse index has been computed
to equal 4 independently by Devyver [6], Smith-Zhou [20], and Tran [21]; the present paper
addresses the analogous question in the hyperbolic ambient.

1.1. General framework.
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Remark 1.1 (Terminology: “hyperbolic catenoid” vs “spherical catenoid”). We adopt the termi-
nology "hyperbolic catenoid in H3" following the classification of do Carmo-Dajczer [7] (where
"hyperbolic" refers to the foliation by totally geodesic hyperplanes). In the terminology of
Medvedev [15], the same object is called "critical spherical catenoid in B3(r) in H3?" (where
"spherical" refers to the SO(2) rotational symmetry of the Mori family). The two terminologies
designate the same family ®, with a > 1/2 of equation (1.2) in [15].

Let H? denote three-dimensional hyperbolic space of curvature —1, realized as the connected
component {x € R} : (z,x);, = —1, xg > 0} of the hyperboloid in Lorentz space (R*, {, )1) with
inner product (x,y); = —zoyo + x1y1 + T2y2 + x3y3. We fix the pole pg = (1,0,0,0) and denote
by r(p) = distys(po, p) the geodesic distance, so that coshr(p) = —(p, po)r. For each p > 0 we
define the geodesic ball B3(p) = {p € H? : r(p) < p}, whose boundary dB3(p) is the totally
umbilical sphere of mean curvature coth p.

The Mori family [16] is the one-parameter family {3}, /2 of rotationally symmetric minimal

surfaces in H3, given in coordinates (s, ) € R x [0,27) by the immersion
(1) ®q(s,0) = (A(s) coshp(s), A(s)sinh(s), B(s)cosb, B(s)sinb),

where

(2) A(s)? = acosh(2s) + 1, B(s)? = acosh(2s) — 3. K=,/a®-1

and the angle ¢(s) is determined by »(0) = 0 and ¢'(s) = K/(A(s)2B(s)), a condition that
corresponds to minimality (cf. [16, 17]). For a > 1/2, the surface ¥, is a critical hyperbolic
catenoid if there exists so(a) > 0 such that ¥, restricted to |s| < s is an FBMS in B3(r(a)),
where r(a) := r(®4(s0,0)), and the free boundary condition fixes

B(So) K

3) tanh (sp) = asinh(2s0)

(FBMS condition).

The Jacobi operator of ¥, is Ly, = Ay + IT1|? — 2, where Ay is the induced metric Laplacian
and —2 is twice the ambient sectional curvature (see [5, Ch. 8]). The Robin quadratic form
associated with an FBMS in B3(p), whose boundary has mean curvature coth p, is

(4) S(u,u) = /Z(]VUE —(|JI)? — 2)u2) dA — cothr(a) /82 u?dL.

The Robin Morse index indg(%,) is the dimension of the maximal subspace of H'(X,) on which
S is negative definite, and the Robin nullity nulr(3,) is the dimension of ker S, which coincides
with the kernel of Ly, under the Robin condition

(5) Oyu = cothr(a)u on 0%,
where 7 is the outward conormal.

Remark 1.2 (Equivalence with Medvedev’s Morse index). The Robin Morse index indg(%,)
used throughout this paper coincides with the Morse index ind(3,) defined by Medvedev |15,
Definition 5.1|: the maximal dimension of a subspace of C*°(%,) on which the second-variation
quadratic form (4) is negative definite. By integration by parts,

S(u,u) = —/ uLsudA +/ u (Opu — cothr(a)u) dL,
a [o)3

and the boundary term vanishes precisely on functions satisfying the Robin condition (5); con-
sequently, counting negative directions of S is equivalent to counting negative eigenvalues of Ly,
under the Robin boundary condition. As a geometric invariant, the index is independent of the
sign convention adopted for A, (Medvedev: A, = —div,V; the present paper: A, = +divyV):
the convention only flips the signs of the eigenvalues, not the dimension of the negative subspace
of §. Throughout this paper we write indr(X,) (respectively nulg(3,)) in proofs and computa-
tions, where the Robin formulation is technically convenient, and ind(X,) (respectively nul(%,))
in statements concerning Medvedev’s conjecture; the two notations refer to the same geometric
invariant. In particular, the Medvedev conjecture ind(%,) = 4 and its strong form nul(%,) = 2
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are equivalent to indr(%,) = 4 and nulr(3,) = 2, respectively, and the analytic local resolution
(Corollary 11.9) resolves Medvedev’s Morse index conjecture for a € (1/2,1/2+4dp) in its original
formulation.

1.2. Known results. In [17] the author establishes the following three properties of 3,:
(P1) indR(Ea)hk':l = nuhy;;(i]a)hk‘:1 = 2, with explicit Robin Jacobi field f.(s) = 9;®Y(s,0) =
sinh r(s) r'(s);
(P2) r(a) = 3loga+ ds + o(1) as a — oo, with ds = log(\/ﬁf‘(l/4)2/7r3/2);
(P3) r(a) = csn/a—1/2(1+0(1)) as a — (1/2)", with ¢, = o, cosho, and o, = cotho,.
The Medvedev conjecture (|15, Remark 5.6], reported in [17, §6.1]) concerns the Morse index of
3, and states:

(6) ind(¥,) =4 for every a > 1/2.

No assertion on the nullity of ¥, is made in [15]. We consider in addition the strong form of the
conjecture,

(7) ind(¥,) =4 and nul(3,) =2 forevery a>1/2.

By the Fourier mode decomposition (§1.4), the nullity condition nulz(X,) = 2 in (7) is equivalent
to the conjunction of:

(N1) nulR(Ea)hM:l = 2, corresponding to the two-dimensional kernel generated by fy cosf
and f, sin @, which is established in [17, Cor. 4.4];

(N2) HUIR(EG)MM:O =0 and nulR(Ea)hk|>2 = 0, i.e. the absence of any Robin Jacobi field in
the remaining Fourier modes. -

Condition (N1) is the only nullity contribution exhibited in [17]; the cited paper does not address
(N2). The closure of (N2) is part of the analytic content of the present paper: the mode-0 part
is handled by Theorems 8.5 and 8.8 under the geometric conditions (G) and r/(a) # 0; the odd
radial sector in modes |k| > 2 is closed unconditionally by Theorem B (Picone identity with base
f+«); the even radial sector in mode |k| = 2 is closed by Theorem 9.4 (Picone identity with base B,
valid on (1/2,1]); and the strict Sturm comparison of Theorem 4.2 then propagates the closure of
the even sector from |k| = 2 to every |k| > 3 (cf. Remark 4.5). The strong form (7) is therefore
strictly stronger than (6), and to the author’s best knowledge it has not been established in
the literature; the present paper proves it analytically in the local regime a € (1/2,1/2 + dp)
(Corollary 11.9). In [15, Corollary 5.9] the lower bound ind(3,) > 4 is established. In this paper
we provide an alternative, short and completely elementary proof of this bound (Theorem 6.1),
in addition to proving the new results stated in the abstract.

1.3. Mode conventions. We decompose u € H'(3,) into a Fourier series in 6:

(8)

u(s,0) = Z uk(s)eiko, or equivalently, in real form, wug(s)+ Z(ak(s) cos kO + Pi(s) sin k@).
keZ k>1

We denote by S,gad the quadratic form induced on the radial parts of mode k. Each sector S};ad
further decomposes according to the parity under s — —s (even and odd radial sectors), since
the radial operator preserves parity. We denote by pu, (k) the (n + 1)-th eigenvalue of S,f/,ad (in
increasing order, counted with multiplicity), and by p&'e"(k), u4(k) the restrictions to the two
parity sectors.

1.4. Key conditions. Throughout the paper, three conditions on the parameter a > 1/2 play a
structural role and are referred to repeatedly. We collect their precise definitions here for clarity:

(E) Spectral condition (even sector of mode 2):
§Een(2) > 0.

rad

This is the first eigenvalue of §5*¢ restricted to the even-parity radial sector. By Theo-
rem D below, (E) is one of the two spectral inequalities to which the strong Medvedev
conjecture reduces.
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(F) Spectral condition (mode 0):
p2(0) >0 together with 1,(0) # 0 for every n > 0.

The first inequality is the kernel-positivity in mode 0; the second is the spectral non-
degeneracy (no zero eigenvalues). By Theorem D below, (F) is the second spectral
inequality to which the strong Medvedev conjecture reduces. A weakening of (F), denoted
(F’), is the single condition p3(0) > 0 (without the non-degeneracy requirement), used
in Section 10.

(G) Geometric condition (strict pinching):

sinhr(a) > 2K (a),

where K(a) = \/a? — 1/4 and 7(a) is the geodesic radius of dB3(r(a)) C H?®. The non-
strict form sinhr(a) > 2K (a) holds unconditionally for every a > 1/2 (Proposition 8.10),
and equality is excluded analytically on (1/2,1] (Theorem 8.17); the strict form on the
full domain (1/2,00) is used in the closure of the odd-kernel part of (F) (Theorem 8.8)
and in the scalar reduction (Theorem 11.4).

1.5. Main results.

Theorem A (Picone identity with base f.). Let f.(s) = 0s(A(s) cosh¢(s)) be the Robin Jacobi
field of mode |k| = 1 identified in [17]. For every k € Z and every smooth u(s) with u(0) = 0,
written as u = f.h with h € CY([—s0, s0]), one has

%0 fu(s)? )2 ds %0 $) £ ()2 W ()2 ds
L ez as s [ B £62 0 as

—so
Theorem B (Closure of the odd radial sector for |k| > 2). For every a > 1/2 and every |k| > 2,
p2d4(k) > 0 for all n > 0. Equivalently, the odd radial sector of mode |k| > 2 contains neither
negative nor zero eigenvalues; in particular, every Robin Jacobi field of mode |k| > 2 must be
radially even.

9) S (uu) = (k2 = 1)

Theorem C (Alternative explicit proof of Medvedev’s lower bound). For every a > 1/2 one
has ind(X,) > 4. More precisely, the four functions ®°, ®L ®2 &3 given by the restrictions to
Y. of the Lorentz ambient coordinates, are linearly independent in H'(X,) and S is diagonal
and strictly negative on their span. The bound ind(3,) > 4 is already established by Medvedev
[15, Corollary 5.9] via the same choice of test functions; we present here the explicit elementary
proof both for completeness and for its role in the reduction (Theorem D).

Theorem D (Reduction of the Medvedev conjecture). The strong form (7) of the Medvedev
conjecture is equivalent to the conjunction of the following two conditions:

(E) pg™e™(2) > 0 for every a > 1/2;

(F) p2(0) > 0 for every a > 1/2, and p1,(0) # 0 for every n > 0.

The organization of the paper is as follows. Section 2 establishes the basic geometric identities.
Section 3 proves Theorem A. Section 4 proves Theorem B together with spectral non-degeneracy
via strict Sturm comparison. Section 5 establishes the Robin/anti-Robin properties of the ambi-
ent coordinates. Section 6 proves Theorem C. Section 7 proves Theorem D. Section 8 develops
the theory of parametric Jacobi fields and the axial boost field, and includes the closure of the
no-kernel part of (F) (Theorems 8.5 and 8.8) and the analytic closure of (G) for a € (1/2,1]
(Theorem 8.17). Section 9 develops the Picone identity with base B(s) and proves the closure
of (E) for a € (1/2, A,] (Theorems 9.4 and 9.6). Section 10 proves the Sturm shooting count
theorem for the Robin BC (Lemma 10.1) and derives the reduction of (F) to the positivity
of the field ¢, (Theorem 10.2), leading to the final reduction (Theorem 10.5). Section 11 es-
tablishes the further reduction of the positivity of ¢, to a one-dimensional scalar differential
inequality on the strict monotonicity of sinhr(a)/K(a) (Theorem 11.4), via a constant Wron-
skian identity (Lemma 11.1), a Sturm separation argument (Lemma 11.2), and a closed formula
for ¢4 (so) (Proposition 11.3); the asymptotic analysis of y(a) = B(so(a))?/K (a)? is carried out
at the endpoints of the domain (Propositions 11.11-11.12). In the same section, the analytic
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local closure of the strong Medvedev conjecture is established via the closed form of the linear
asymptotic coefficient (Theorem 11.8 and Corollary 11.9). Section 12 summarizes the status of
the conjecture and outlines possible strategies for its completion.

2. GEOMETRIC PRELIMINARIES

We collect here the identities needed in the subsequent sections. The notation A = A(s),
B = B(s), ¢ = ¢(s) is understood to be evaluated at the same s throughout.

Lemma 2.1 (Induced metric and Mori identity). The parametrization (1) is radially isothermal,
namely gss = 1 and gog = B(s)?. The profile B satisfies the Mori identity

(10) B(s) B"(s) + (B'(s))? = 2B(s)? + 1.

Proof. We compute gss = —(A")? + A%(¢')? + (B')? using the induced Lorentz metric on the
spacelike submanifold H3. From A% = acosh(2s) + 1/2 we obtain 2AA’ = 2asinh(2s), whence
A’ = asinh(2s)/A and (A')? = a?sinh?(2s)/A%. Analogously, (B')? = a?sinh?(2s)/B?. There-
fore
a? sinh?(2s) K? a®sinh?(2s)  a®sinh?(2s)(A% — B?) + K2
o =T Tt T T AZB? ‘
From (2), A2 — B? = 1 and a?sinh?(2s) + K2 = a?cosh?(2s) — 1/4 = A?B?, whence gys = 1.
The component ggg = B? is immediate from (1).
To prove (10), differentiating 2B B’ = 2asinh(2s) we obtain 2(B’)? + 2BB" = 4acosh(2s) =
2(2B% +1) by (2). a

Lemma 2.2 (Norm of the second fundamental form). On X, we have
(11) I1I%(s) B(s)* = 2K2.
Proof. By the Gauss formula in H?, Ky, = —1 4 1(H? — [II|?). Since ¥ is minimal (H = 0),
Ky, = —1 — 3|II]2. The Gaussian curvature of the metric ds? + B(s)2df* is —B" /B, whence
1|2 = 2(B"”/B —1). From (10), B"/B—1= (2B*>+1— (B')?> - B?) /B> = (B*+1—(B')?)/B2.
Multiplying by B*,
1I]>?B* = 2B*(B* +1 — (B')?) = 2B* + 2B%* — 2(B')?B>.
From (B')? = a®sinh?(2s)/B? = (a®cosh?(2s) — a?)/B? = ((B? 4+ 1/2)? — a?)/B? we obtain
(B")?B? = (B? +1/2)? — a®. Substituting,
[II]°2B* = 2B* + 2B? — 2(B% + 1/2)* + 2a®> = —2B? — 1/2 + 24> = 2(a®> — 1/4) = 2K%. O
Lemma 2.3 (Key identity for the Jacobi field f.). Let fi(s) := 0s(A(s) cosh(s)). Then:
(i) f«(s) =sinhr(s)-r'(s), where coshr(s) = A(s) cosh ¢(s);
(ii) f« is odd, f.(0) =0, fi(o) # 0;
(i) f« solves the radial Jacobi equation in mode |k| = 1:
(12) (Bfl) +B(11)* —2—1/B?) f. = 0.
Proof. For (i), by the definition of r we have coshr(s) = A(s)cosh(s). Differentiating gives
sinhr - r’ = J5(Acosh ) =: fi.
For (ii), a direct computation yields

asinh(2s)

aB sinh(2s) cosh ¢ + K sinh ¢

AB '
The functions A, B are even in s, while sinh(2s) and sinh ¢ are odd, and cosh ¢ is even. Hence
the numerator is odd, f is odd, and f,(0) = 0.

For f1(0), recall that g(s) := A(s) cosh p(s) satisfies ¢ + (B’/B)g’ —2g = 0 on (—so, so); this
equation is proved in Lemma 2.4 and uses only algebraic identities on A, B, ¢, independent of
Lemma 2.3. Since f, = ¢', we have f. =¢”" =29— (B'/B)g’ =29g— (B'/B)f.. At s =0, A(0) =
Va+1/2 >0 and coshp(0) = 1, so g(0) = \/a + 1/2; moreover B’(0) = 2asinh(0)/B(0) = 0.

Therefore
f1(0) =29(0) — 0 fi(0) =2y/a+1/2> 0.

K
f« = Al coshp + Ay’ sinh p = cosh ¢ + 15 sinh ¢ =
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For (iii), setting g(s) := A(s) cosh ¢(s), we have Lyg = |II|?g (Lemma 2.4), which, restricted
to mode 0, gives ¢ + (B'/B)g' + (|11|? — 2)g = |[11|?g, namely ¢" + (B'/B)g' — 2g = 0. Differen-
tiating in s and using f, = ¢/,

L+ (B'/B)fi+ ((B'/B) —2)f. =0.
Comparing with (12) rewritten as f” + (B'/B)f. + (11| — 2 — 1/B?) f. = 0, the equivalence of
the two equations is equivalent to (B’/B)’ —2 = |II|> =2 —1/B?, that is, (B'/B)" = |1I|*> —1/B2.
From (B'/B) = B"/B — (B'/B)? and |II|> = 2B"”/B — 2 (from the proof of Lemma 2.2), we
verify
B"/B—(B'/B)* =2B"/B—2-1/B* <= B"/B = —(B'/B)*+2+1/B*> < BB" = —(B')*+2B*+1,
which is the Mori identity (10). O

Lemma 2.4 (Ly on the ambient coordinates). Denote by @f Y. > R, A=0,1,2,3, the
restrictions to ¥, of the Cartesian Lorentz coordinates of R}. Then

(13) Ly® = |I1204  (A=0,1,2,3).

Proof. We show directly that each ®2 satisfies A,®7 = 202 in the induced metric g = ds? +
B(s)2d#?; it then follows immediately that Ly®2 = 202 4 (|12 — 2)®4 = 11|20,
Consider first mode |k| = 1, with ®2 = B(s) cos. We have
Ay(Bcosf) = B" cos + (B'/B)B' cos 0 L Bcost = 0| B" B 1
g(Bcost) = B" cosb + (B'/B)B’ cos — g Bcos —cos[ +t 5 5l
The condition Ay(B cos ) = 2B cos 6 is equivalent to BB” + (B')? — 1 = 2B?, namely the Mori
identity (10). The argument is identical for ®3 = B(s) sin 6.

We now turn to mode |k| = 0, with ®0 = Acoshp and ®! = Asinh¢. In mode 0, A, f =
1"+ (B'/B)f'. We must verify that f” + (B'/B)f' —2f = 0 for f € {Acosh, Asinhy}.
Expanding f” + (B’/B)f" — 2f and grouping the terms in cosh ¢ and sinh ¢ (with symmetric
computations in the two cases),

"+ (B'/B)f —2f = coshp[A" + A(¢')? + (B'/B)A’ — 24]
+ sinh p[24'¢" + AY" + (B'/B)A¢']  (for f = Acoshy),

with the roles of cosh ¢ and sinh ¢ exchanged for f = Asinh . We show that both coefficients
vanish.

For the coefficient in sinh ¢, the defining relation A%¢’ = K/B (cf. (1) and the minimal-
ity condition) gives, upon differentiation, (A%y') = —KB'/B?> = —(B'/B) A%y'. Expanding,
2AA' Y + A2p" = —(B'/B)A?y'. Dividing by A,

24" + A¢" + (B'/B)A¢' = 0.

For the coefficient in cosh ¢, from A% = acosh(2s) + 1/2 we have 24A’ = 2asinh(2s), and
therefore 2(A’)? + 2AA” = 4a cosh(2s) = 2(24% — 1), that is,

1 (A/)2
A" =24— — — .
A A
Substituting into the coefficient A” + A(¢’)? + (B'/B)A’ — 2A:
1 (A/)2

T TAW)+(B/B)A.

Using (A")? = a?sinh?(2s)/A2, (¢')? = K?/(A*B?), (B'/B)A’ = a®sinh?(2s)/(AB?):
1 1 a? sinh?(2s) n K? a? sinh?(2s)
A A? A2B? B2
We compute the term in brackets. Using A? — B2 =1,
a?sinh?(2s)  a%sinh?(2s)  a?sinh?(2s)(A% — B?)  a%sinh?(2s)
B> A2 A2p2 T AR
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Thus the bracket becomes
a’sinh?(2s) + K?
A2B?
By Lemma 2.1, a® sinh2(28) + K? = A’B?, whence —1 4+ 1 = 0. Both coefficients vanish, and
therefore f”" 4+ (B'/B)f' —2f = 0 for f = Acosh . The verification for f = Asinh ¢ is identical
by symmetry of the algebraic structure.
In each case, Agég‘ = 284 and the conclusion follows. (]

—1+

Lemma 2.5 (Geometric identity cothr(a) = B'(s9)/B(so)). At the boundary point s = sy,
B'(sp)  asinh(2sq)
B(so) B(so)?

(14) cothr(a) =

Proof. From the FBMS condition (3), a direct computation based on cosh? p—sinh? ¢ = 1 yields
B?K*? a? sinh?(2s)
a2 sinh?(2s¢) — B2K?2’ a?sinh?(2sy) — B2K?2’
Setting D := a®sinh?(2sg) — B2K? and using a? sinh?(2sq) + K? = A’2B? (Lemma 2.1),
D= A’B? - K* - B’K? = A’B?> - K*(1 + B?) = A?B? - K*A? = A*(B* - K?).
From sinh? 7 = A2 cosh? p — 1,
inhZr — A2%a? sinh?(2s9) — D _ (A% — 1)a?sinh?(2sg) + B?K? _ B?(a?sinh?(2s0) + K?)
D D D
B?. A*B? B*
T A(BP-K?) B?-K?

sinh? p(s) = cosh? p(sg) =

Analogously, cosh? r = A% cosh? ¢ = A%a?sinh?(2s0)/D = a?sinh?(2sq)/(B? — K?). Therefore

2 inh?2 /
o a“sinh®(2sg)  /B'(s0))2
coth®r = 5i _<B(so)) .

Taking positive roots (both sides are positive for sop > 0 and r(a) > 0), we obtain (14). O

Remark 2.6. The identity (14) is an analytic consequence of the FBC, not emphasized in [17],
but it will play a central role in all the verifications of Robin BC that follow.

Lemma 2.7 (Robin BC for f.). The field f. satisfies the Robin condition of mode |k| = 1,
namely fL(so) = cothr(a) fi(so) and fL(—so) = — cothr(a) fi(—s0).

Proof. Since f, = ¢’ with g = Acosh ¢ satisfying ¢” + (B'/B)g’ — 29 = 0 (Lemma 2.3(iii)),

J(on) = o (s0) = 29(0) = 3. )

By (14), B'(s9)/B(so) = cothr(a). Moreover, g(sg) = coshr(a) and f.(sg) = sinhr(a) by
Lemma 2.3(i). Hence

fi(s0) = 2coshr — cothr - sinhr = 2 coshr — coshr = coshr = cothr - sinhr = cothr - f.(s0).

The property at s = —sq follows by the oddness of f, and the evenness of f7. O

3. PICONE IDENTITY WITH BASE f,
Lemma 3.1 (Weighted Jacobi equation). Let Wy(s) := |[I1|?(s) —2—k%/B(s)?. Then f. satisfies
the self-adjoint form
(15) (Bf))' + BWi fo =0 on (—so, $o)-
Proof. This is a direct consequence of (12):

(BfL)+B(|11*~2—1/B*)f, = Bf!+B' f.+B([1]*~2-1/B?) f. = B[f/+(B'/B) fi+([11*~2—1/B*)f,] = 0.
J
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Lemma 3.2 (Radial quadratic form of mode k). For every u € C*([—s¢, s0]) and k € Z, define

S0

(16) Srad(y, u) = / [B(u')2 - BWkUQ]dS — cothr(a) B(so) [u(50)2 + u(fso)Q],

—s0

where Wi(s) = |IT1*(s) — 2 — k?/B(s)?. Setting (s, 0) := u(s)Ok(0), with Og = 1 and O4(9) €
{coskb,sin kb} for |k| > 1, we have

S(u,u) = ¢ Srad(u,u), co = 27, Clpj>1 = T,

so that the forms S restricted to mode k and S}f‘d share the same eigenvalues (the global factors
¢k do not alter the spectrum).

Proof. For u(s,0) = u(s)O(0), |Vul; = (u)?6}, + (u*/B?)(6})*. From f% 02 df = ¢, (with
co = 27, Cjgj>1 = m) and f% ©},)? df = k?cy, we obtain, using dA = Bdsdf and dL = B(sg) df
at s = +sq,

21 2
S(a,zz):/ / +% 207 — (I ~ 20’6} ) B ds df
.

— cothr(a )/0 (u(s0)? + u(—s0)?) B(s0) O, df

S0 2
- ck/ [B(u')2 + %u — B(JII]? = 2)u ]ds — cg coth7(a) B(so) [u(s0)? + u(—s0)?]

—s0

= ¢ S (u, w). O

We now prove Theorem A from the Introduction, in the slightly more general form below
(Theorem 3.3), which also explicitly addresses the regularity of h.

Theorem 3.3 (Picone identity with base f,; detailed form of Theorem A). Let u € C*([—sq, 50])
with uw(0) = 0, and set h = u/f. (extended by continuity at 0 to u'(0)/f.(0)). Then h €
C%([~s0,50]), and h € C* if u € C?. We have

(17) S (fuh, foh) = —1/ f*h2ds+/soBff(h’)2ds.

—so
Proof. Setting u = fih, we have v’ = f.h + f«h', whence
B(u')* = B(f)*h* + Bf.fu(h*) + Bf2(W')*.

Integrating over (—sg, sp) and integrating by parts the cross term,

/O Bf.fu(h*) ds = [Bf.fh?]” —/ i (Bf.f.) h?ds.

—S0 —S50

By (15), (Bf.)' = —BWif., whence (Bf.f.)' = (Bf.) f« + Bf. - fi = —BW1f? + B(f))*.
Substituting,

/ (u')?ds = [BfLf. h?]™ /BWlf*h2d3+/Bf*(h’)
By (16),
S (u,u) = [BFLA ), + / B(W1—Wy) f2h* ds+ / Bf2(h)? ds—cothr-B(s0) f+(s0)*[A(s0)*+h(—s0)?],

where we used f.(450)? = fi(s0)? (odd squared is even).
The boundary term is computed using f1(so)/ f«(s0) = cothr and f.(—so)/f«(—s0) = — cothr
(Lemma 2.7 together with oddness):
s i S ! S
[BE£.12]%, = Blso) T o0 Phs0)* = Blsu) 2= o))

(
= B(so)f*(so)Q(cothr - h(s0)? + cothr - h( 50)2)
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The two boundary contributions therefore cancel exactly:
[Bfifeh?], — cothr - B(so) fu(s0)?[h(s0)* + h(—s0)*] = 0.

Finally, Wy — W), = —1/B? — (—k?/B?) = (k? — 1)/B2. Substituting in what remains,

. k2 —1
Skad(U, U) = /B . e

f2n? ds+/Bf3(h’)2ds = (k* — 1)/Jgh2 ds+/Bf3(h’)2ds. O

Remark 3.4 (Extension to H! via invariant quantities). The identity (17) is proved for u € C?
with u(0) = 0, but the first integral on the right-hand side coincides with (k* — 1) [u?/Bds
(since f2h? = u?), a quantity well-defined for every u € L?. The second integral can be rewritten,
using f.h/ =u' — (fl/fo)u (from v’ = fLh + f.h'), as

S0 S0 ,
/ B f2(n)? ds —/ B(u — fu)’ds.
—50 —s0

For u € H! with u(0) = 0 in the sense of trace (in particular for every odd v € H?, given the
embedding H' < C%'/2 in dimension 1), u(s) = [~ u/(t) dt, and by Cauchy-Schwarz |u(s)| <
|s|/2||u|| 2. Moreover f./f. ~ 1/s near s = 0, with regular coefficient away from 0, since
f« has a simple zero at 0 and f. # 0 elsewhere on (—sp,s0) (cf. Lemma 2.3(ii)). Hence
(fL/f«)u € L? by the one-dimensional Hardy inequality [;°(u/s)?ds < 4 [;°(u/)?ds, and the
integral [ B(u'— (f./f«)u)?ds is finite. The validity of (17), rewritten in terms of these invariant
quantities, extends by density to the whole subspace {u € H! : 4(0) = 0}, and in particular to
the odd radial sector.

4. CLOSURE OF THE ODD RADIAL SECTOR FOR |k| > 2

We now prove Theorem B from the Introduction. The detailed statement, with full quantita-
tive information (SF2d(u,u) > 0 strictly for every nonzero odd u € HL ;), is given by Theorem
4.1 below.

Theorem 4.1 (Strict positivity in the odd radial sector of mode |k| > 2; detailed form of
Theorem B). For every a > 1/2, every |k| > 2, and every u € HL (3,) odd (with respect to
s+ —s), u#0:

(18) Std(y, 1) > 0.
In particular, 183(k) > 0 for everyn > 0 and |k| > 2, and no Robin Jacobi field of mode |k| > 2

n

1s radially odd.

Proof. For u € Hrla
(Remark 3.4),

S0 2 S0 / 2
rad (1.2 uf I E
S (u,u) = (k*—1) /SO 5 ds—i—/soB(u f*u) ds.

For |k| > 2 the coefficient k* —1 > 3 > 0, both integrals are nonnegative, and hence S (u, u) >
0. If w # 0, since 1/B > 0 on [—sp, S|, the first integral is strictly positive, and therefore
Stad(y, u) > 0. O

4 odd, u(0) = 0 in the sense of trace. By Theorem 3.3 extended to H!

Theorem 4.2 (Strict Sturm comparison). Let § € {rad,even,odd}, where “rad” denotes the

complete radial sector and “even”, “odd” the parity subsectors. For every |k| > 2 and every
n >0,

B(s0)?

(19) ph (k) = ph (1) + > (1)

Proof. We denote by H* the subspace of H'((—sp, s9)) corresponding to the sector # (the whole
H' for = rad, the even functions for § = even, the odd functions for § = odd); each is closed,
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and S,gad restricts to it (it preserves parity by the symmetry s — —s of the coefficients B and
Wy). By Lemma 3.2,

S5 0) — S (u,u) = /

—50

S0 S0 u2

B(Wy — Wi)u?ds = (k* — 1)/ = ds

The profile B?(s) = acosh(2s) — 1/2 is strictly increasing in |s|, so B(s) < B(sg) for |s| < s,
that is, 1/B(s)? > 1/B(s¢)? uniformly. Therefore
S0 2
/ BU2 ds = ”U’ |B

80“—2d = ("L Buas>
BT ), B T Y= B2 ), B(s0)?

Setting ¢ := (k% — 1)/B(so)?, for every u € H*\ {0},
Spd(u,u) _ Si(u,u)
lulll = llull
By the Courant-Fischer min-max principle applied to the sector H¥,

Si(u, u)

—380

—S0 —S50

+c.

Srad
pik (k) = infm sup e 2 inf’j ( sup W + c) = f (1) + ¢,
u u
i Va1 €V MO B dim Van+1 VMO B

where the first inequality uses the pointwise monotonicity Sy > S1 + ¢/ - [|% (preserved under
the supremum over V') and is then preserved under the infimum over V. Since ¢ > 0, we obtain
(19). O

Corollary 4.3 (Absence of Robin kernel in modes |k| > 2, odd sector). For every |k| > 2,
p234(k) > 0 for every n > 0.

Proof. This is a direct consequence of Theorem 4.1. ([

Remark 4.4. The proof of Theorem 4.2 admits an alternative route: fy is an odd eigenfunction
of §tad with eigenvalue 0 (Lemma 2.7), having one node at s = 0, so that x344(1) = 0 by Sturm-—
Liouville theory on the odd sector. Theorem 4.2 with § = odd then gives ugdd(k:) > (k% -
1)/B(s0)? > 0 for |k| > 2, and by the monotonicity of the eigenvalues, u234(k) > pgdd(k) > 0
for n > 1.

Remark 4.5. Corollary 4.3 does not close the even radial sector of mode |k| > 2. In particular,

the base eigenvalue £5"*"(k) may a priori be negative, zero, or positive. Theorem 4.2 only

which is positive if and only if |uo(1)| < (k? — 1)/B(sp)?. We return to this point in Section 7.

5. AMBIENT COORDINATES AS TEST FUNCTIONS

Lemma 5.1 (Gradient of the distance function at the pole). Letp € H3 with r(p) > 0, and let
V' denote the intrinsic gradient. In Lorentz components (VHsr)A, A=0,1,2,3,

_ coshr(p) pA — g
P sinh r(p)

(20) (V)4

Proof. The unit-speed geodesic « from py = (1,0,0,0) to p is y(t) = cosht - pg + sinht - v, with
v € Tp,H3 = {po}** unit, namely (v,v), = 1, v" = 0. From v(r) = p, v = (p—coshr-py)/ sinh 7.
Therefore

_ hr-
V(T) =sinhr *Po + coshr - v = sinhr Do + coshr - w —
sinh r

sinh? 7 - pg + coshr - p — cosh? r - py _ coshr-p—po

sinh r sinh r
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Componentwise, 4(r)? = (cosh?r—1)/sinhr = sinhr and #(r)’ = coshr-p’/sinhr for i = 1,2, 3.
Since VH3r‘p = 4(r) (the gradient of the distance function along the unit geodesic), we obtain
(20). O
Lemma 5.2 (Robin/anti-Robin for the ambient coordinates). Let ¥ C H? be an FBMS in
B3(p), and let ® : ¥ — R denote the restrictions of the Lorentz coordinates of R}. On 0%, the
outward unit conormal 1) coincides with V& r/|[VE r| = VB¢ (since |[VEr| = 1). The following
hold:

(i) 8,97|,5, = cothp - |, fori=1,2,3;

(i) 9,®°|,5, = tanhp- @] ..
In particular, ®', ®2, ®3 satisfy the Robin condition (5), while ®° satisfies the dual condition
(anti-Robin).
Proof. By the FBMS condition, ¥ 1 B3(p) at 9%, so the unit conormal 7 of X at 9% coincides
with the unit radial vector VH'r (both are unit, orthogonal to 7),(0X), and outward-pointing
from B?(p)). Hence 9 = Ogus, .

For the coordinate functions ®4, d®4 = dz* is the ambient differential, and for every tangent
vector V € T,H? we have d®4(V) = V4, the A-th Lorentz component of V. In particular,

3
0,94 = d®(n) = = (V)4 .

By Lemma 5.1,
cosh p - p? — 54

A
e ‘p N sinh p
For A =0, 9,®° = (cosh? p — 1)/ sinh p = sinh p, while ®°(p) = p” = cosh p. Hence 9,9°/®° =
tanh p, which gives (ii). For A =i € {1,2,3}, 9,®' = cosh p-p’/ sinh p = coth p-p’ = coth p-®(p),
which gives (i). O

Remark 5.3 (Geometric origin of the phenomenon). Lemma 5.2 is a purely kinematic identity:
the spacelike nature of ', 22, 2% with respect to the pole pg produces the Robin condition with
coefficient coth p, while the timelike nature of z° produces the anti-Robin one with coefficient
tanh p. The phenomenon is purely hyperbolic: in Euclidean R? there is no dual distinction, and
the ambient coordinates all satisfy the same Neumann-type BC (cf. [6]).

Lemma 5.4 (Modal decomposition of ®24). On the Mori family (1),
®Y(s,0) = A(s) coshp(s), ®L(s,0) = A(s) sinh p(s),
®%(s,0) = B(s)cos, ®3(s,0) = B(s)siné.
Hence ®° is of mode 0 even, ®' is of mode 0 odd, and ®2,®3 are of mode |k| = 1 with even
radial profile B(s).

Proof. The statement is immediate from (1), recalling that cosh ¢ is even, sinh ¢ is odd, and
A, B are even. O

6. LOWER BOUND ind(¥,) > 4 VIA AMBIENT COORDINATES

The lower bound ind(%,) > 4 via ambient coordinates is in the spirit of the classical index
estimation approach for minimal submanifolds in space forms going back to Simons [19]|, and
refined for the FBMS setting by Sargent [18] and Ambrozio—Carlotto-Sharp [2].

We now prove Theorem C from the Introduction. The full quantitative statement, including
the diagonality of S on the four-dimensional span and the strict negativity, is given by Theorem
6.1 below.

Theorem 6.1 (Four explicit negative directions via ambient coordinates; detailed form of The-
orem C). For every a > 1/2, the four functions ®0, ®L ®2 &3 ¢ HY(X,) are linearly indepen-
dent, and the quadratic form S is diagonal and strictly negative on their span. In particular,
ind(X,) > 4, reconfirming directly Medvedev’s lower bound [15, Corollary 5.9].
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Proof. We first establish linear independence. By Lemma 5.4, ®° and ®' are in mode 0 with
different parity, while ®? and ®3 are in mode |k| = 1 and are mutually orthogonal through the
factors cos @ and sinf. The four elements belong to four distinct L?(X,)-orthogonal subspaces,
and hence they are linearly independent.

We next prove the diagonality of S. For A # B, we compute S(®4, &) via the Green formula
(weak form):

(21) S(u,v) = —/ ULgudA—i—/ v (Oyu — cothr - u) dL.
b o%
ThlS formula follows by integrating by parts the term [ |Vu|?dA = — [uAjudA + |, s UOpu dL
in (4) and using Ly = A, + |I1|?> — 2. We set RB := 9,®P — cothr - 5. By Lemma 5.2, R* =0
on 9% for i =1,2,3, and
1

o0 o%.
sinhr(a) coshr(a) on

(22) R = (tanhr(a) — cothr(a))®° = —

By the symmetry of the quadratic form S, it suffices to verify S(®4, ®2) = 0 for each unordered
pair {4, B}, choosing appropriately which of the two indices plays the role of u in (21). For
{A, B} # {0,0'} we choose u = ®Z with B € {1,2,3}, so that R® = 0 and

S(@4,85) = —/ 1P e4aB dA.
%

We verify the vanishing of the volume integral in each case. For the pair {0,1} (with the choice
u=®! B=1), ®°®! = A2 cosh psinh ¢ is odd in s and |II|?(s) is even, so the integrand is odd
in s and the integration over (—sg, s9) in s yields 0. For the pair {0, 2} (with u = ®2, B = 2), the
integrand contains cos 6, and f027r cos 0 df = 0; the pair {0, 3} is identical with sin §. For the pairs
{1,2} and {1, 3}, the integrands are proportional to cos or sinf, with vanishing integration.
For the pair {2,3} (with u = ®2), the integrand is proportional to cosfsin @, with vanishing
integration. The only remaining pairs {i,j} with 7,5 € {1,2,3} are {2,3}, {1,2}, {1, 3}, which
have all been treated. Therefore S(®4, ®5) = 0 for every A # B.

We now verify the negativity of the diagonal terms. For S(®Y, ®Y), using (21) with u = v = ®Y,

(2°)?

—————dL.
o sinh 7 coshr

S(®°, 8% = /II| (®Y)2 dA+/<I>0R0 dL = — /\II| (®°)2dA —
On 9%, ®° = coshr, whence (®°)2/(sinhr coshr) = coshr/sinhr = cothr, constant. Moreover
|0X| =2 - 27 B(sp) = 4w B(sg). Therefore

S(@°, %) = /ym (®)2 dA — 47 B(s0) cothr < 0,

with both terms strictly negative (the first because |[II|> #Z 0 and ®° > 0, the second because
B(sp),cothr > 0). For S(®4, ®4) with A =1,2,3, R* =0, and hence

S(@4, d4) = — / 11?2 (®4)2dA < 0,

strictly negative since ®4 # 0 (®! is nonzero for s # 0, while ®2, &3 are nonzero for generic ).

Combining the previous estimates, the matrix of S with respect to the basis {®°, ®!, 2, ®3}
is diagonal with four strictly negative diagonal entries; hence S is negative definite on Vy :=
span{®’, ! &2 &3} with dimV} = 4. By the Courant Fischer characterization of the Morse
index, indg(3,) > dim V; = 4. O

Remark 6.2 (Relation with Medvedev and with the Euclidean case). The lower bound indg(3,) >
4 is already established by Medvedev [15, Theorem 5.7 and Corollary 5.9] via the general the-
ory of isometric embeddings of FBMS in B"(r) C H" through eigenfunctions vy € Vj and
Vi, ...,0, € Vi, yielding ind(X) > indg(X) + n with indg(X) > 1 contributed by the timelike
eigenfunction; for n = 3 this gives > 1 + 3 = 4. The test functions used in his proof coincide
with our ®4 (A = 0,1,2,3), which are precisely the ambient coordinates restricted to .
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The strategy of explicit test functions used in Theorem 6.1 is, moreover, the hyperbolic ana-
logue of the argument used in [6] for the Euclidean critical catenoid. The structural difference
in the hyperbolic case is the presence of a timelike coordinate ®° with anti-Robin boundary con-
dition (22), which produces a contribution distinct from that of the three spacelike coordinates
®! (i = 1,2, 3), which satisfy the standard Robin condition. This anti-Robin/Robin duality is a
purely hyperbolic phenomenon, absent in the Euclidean case.

The value of our exposition here lies not in a new lower bound, but rather in (i) the explicit
concreteness of the computation in the specific case of the critical hyperbolic catenoid, (ii) its
role as a prerequisite for the reduction (Theorem 7.2), and (iii) the highlighting of the anti-Robin
algebraic structure for ®°.

7. REDUCTION OF THE MEDVEDEV CONJECTURE

In this section we prove Theorem D, reducing the conjecture indr(X,) = 4 to two well-defined
spectral conditions. By the modal decomposition, indg = >, ., indg ‘k with

indg ’k = F#{n: pun(k) <0} -mp, mo =1, my>1 = 2.

Proposition 7.1 (Known modal contributions). For every a > 1/2:

(a) indg |, =2 and nulg |, = 2 ([17]);

(b) indp ‘0 >2;

(c) indp ‘\k\>2 = 2-#{p5"" (k) < 0} (the odd radial sector is positive by Theorem 4.1; possible
positive eigenvalues in the even-radial sector uS¥®™(k) with n > 1 satisfy us'™(k) >
pue(k), and hence do not contribute when pg’* (k) > 0). More precisely, for |k| > 2,
indp ‘k =2 if pg"*" (k) < 0 and indg ‘k =0 of pg"" (k) > 0; the case pg’ (k) = 0 would
give nulp ’k > 2.

Proof. For (a), this is [17, Cor. 4.4]. For (b), the two functions ®% (mode 0 even) and ®. (mode
0 odd) are linearly independent in H', and S is negative definite on their span (the proof is
contained in Theorem 6.1, parts (a) and (b) for A =0,1). Hence indg |O > 2.

For (c), by Theorem 4.1, every odd-radial eigenvalue of mode |k| > 2 is strictly positive.
By Sturm-Liouville theory in the even-radial sector, the eigenvalues p$¥*"(k) form a strictly
increasing sequence with eigenfunctions having respectively 0, 2,4, ... nodes. Hence p2"*(k) < 0
implies pS (k) < p&*(k) < 0 for every m < n. Moreover, by the strict Sturm estimate

m
(Theorem 4.2), pve®(k) > S (1) + (k? — 1)/B(s0)?. For n > 1, uc"°"(1) > us(1) > 0 (since
f«, the eigenfunction associated with p;(1) = 0, is odd), whence p$¥**(k) > 0 for n > 1.
Only £5"*" (k) may be negative; if so, the contribution to indg is 1-2 = 2 (by the multiplicity

my = 2). O

Theorem 7.2 (Explicit Medvedev reduction; detailed form of Theorem D). The strong form (7)
of the Medvedev conjecture holds for a given a > 1/2 if and only if the following two conditions
hold jointly:

(E) 1§ (2) > 0;

(F) 12(0) > 0 and pn(0) # 0 for every n > 0.
Proof. (=). Assume indg(X,) = 4 and nulg(X,) = 2. By Proposition 7.1(a), indg |1 = 2 and
nulg ’1 = 2. Hence indg |0 + ZIMZQ indg ‘k = 2 and nulg ‘0 + Z|k|22 nulg |k =0.

From the second relation, nulg ‘0 =0 and nulp ‘k = 0 for every |k| > 2.

From the first relation, and since indg }0 > 2 by Proposition 7.1(b), we deduce indp ‘ 0 =2
and 3,5, indg |k = 0, whence indp ’k = 0 for every |k| > 2.

By Proposition 7.1(c), indg !k = 0 with |k| > 2 implies p§"*" (k) > 0, but nulg ‘k: = 0 excludes
equality, so pg"" (k) > 0. For |k| = 2 we obtain (E).

For mode 0, indg | o = 2 means exactly two negative eigenvalues, po(0) and p1(0). By Sturm-—
Liouville theory, the subsequent eigenvalues satisfy p,(0) > p2(0) for n > 2. The condition
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indp ‘0 = 2 requires p2(0) > 0; combined with nulg {0 = 0 (namely p,(0) # 0 for every n), we
obtain p2(0) > 0 and pu,(0) # 0 for every n, which is (F).

We add a useful observation: by the strict Sturm estimate (19), (E) for |k| = 2 implies
pver (k) > peven(2) + (k% — 4)/B(s0)? > 0 for every |k| > 3. Hence (E) restricted to |k| = 2 is
sufficient to guarantee positivity in all modes |k| > 2.

(«). Assume (E) and (F). For modes |k| > 2, by the Sturm estimate just recalled, p{"*" (k) >
0 for every |k| > 2. Combined with Theorem 4.1 (u2%4(k) > 0) and with p&®(k) > pa(1) >0
for n > 1 (by the Sturm estimate of Theorem 4.2 applied in the even-radial sector and since
p2(1) > pi(1) = 0), all eigenvalues in mode |k| > 2 are positive: indp ’k =0, nulp }k = 0.

For mode 0, (F) gives p,(0) # 0 for every n, namely nulp ‘0 = 0. Moreover u3(0) > 0, and by
classical Sturm-Liouville theory, 1,(0) > p2(0) > 0 for every n > 2. Combined with Theorem
6.1 (which provides p(0) < 0 via ®° and p1(0) < 0 via ®1), we have exactly two negative
eigenvalues and indg ’0 =2.

For mode 1, by Proposition 7.1(a), indg ‘1 = 2 and nulg ‘1 =2

Combining all contributions, indg = indg !0 + indg |1 + Z|k|22 indgr ‘k =24240=4 and

nulp=0+2+4+0=2. O
Remark 7.3 (Quantitative sufficient condition for (E)). By the strict Sturm estimate (19) with
k=2,
even 3
1o (2) = po(1) + Blso)?’

recalling that po(1) < 0 is attained in the even-radial sector (the eigenfunction ¢g(1) is even
by [17, Cor. 4.4] and the fact that the ground state has no nodes). Hence a sufficient (but not
necessary) condition for (E) is the spectral inequality

3
B(s0)*
This is the quantitative formulation through which (E) can be attacked: an explicit upper bound
on |up(1)| in terms of boundary geometric quantities.

(23) o(D)] <

Remark 7.4 (Quantitative sufficient condition for (F')). For Theorem 4.2 adapted to the reverse
comparison (k = 0 against k = 1), p,(0) < pS¥®"(1) in corresponding even-radial pairs, but a
lower bound follows from the opposite inequality:

1 1

even even even _
Y
a—1/2

1
O > even 1 _ — 1 _ — 1
p " (0) = (1) SUP i = b (1) Bz~ M (1)
since Wi — Wy = 1/B? and B attains its minimum /a — 1/2 at s = 0. Identifying u2(0) =
p§¥e"(0) (in classical Sturm-Liouville the eigenfunctions of level n have parity (—1)", and p2(0)
has an eigenfunction with 2 nodes, hence even) and p§¥*"(1) = ua(1) (analogously, p2(1) has an

even eigenfunction), we obtain

1
0) > 1) — .
pa0) 2 al1) =
A sufficient condition for p2(0) > 0 (the quantitative component of (F)) is therefore
1
24 1) > ——
(21) (1) >

namely an explicit geometric lower bound on the second positive even-radial eigenvalue of mode

k| = 1.

8. NON-ROBIN JACOBI FIELDS AND PARTIAL CLOSURE OF (F)

In this section we construct two Jacobi fields of the operator Ly, that do not satisfy the Robin
condition (5), but whose explicitly computable Robin defect allows us to close (F) partially. We
work in the explicit Mori parametrization of [17, Eq. (1)—(3)], recalled in (1).
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8.1. The parametric Jacobi field ¢,.

Definition 8.1. Let {¥,},~1/2 be the Mori family of critical catenoids, with
Xa(s,0) = (A(s) coshp(s), A(s) sinh¢(s), B(s) cosd, B(s)sinb).

The parametric Jacobi field is

Da(8,0) := (0 Xa(s,0),v4(s,0)) L (s € [~s0(a),s0(a)], 6 € SY),

where 0, is the derivative at fixed (s, ) (Lagrangian interpretation).

Lemma 8.2 (Structural properties of ¢,). The field ¢, is well-defined, real-analytic, of mode 0
(independent of 6), and even in s. Moreover,

Ly¢, =0 in the interior ¥,

and ¢4(0) = 1/(2K) where K = K(a) = y/a? — 1/4.

Proof. By the rotational symmetry (the whole SO(2) in ) of the family {X,}, 0, X, is rotation-
ally invariant, and so is v,, hence their contraction is independent of . This proves that ¢, is
of mode 0.

For the parity in s, the parametrization (1) is s — —s equivariant: A(—s) = A(s), B(—s) =
B(s), p(—s) = —p(s). A direct verification shows that 9,X, alternates even/odd in the com-
ponents (X% X?) and (X!, X3), while v, has the complementary components, so that their
contraction is even.

The identity Ly¢, = 0 follows from the fact that the family 3, consists of minimal surfaces for
every a. The linearization of minimality with respect to a variation 9, X, with normal component
¢a gives Ly, = 0 in XY (standard formula, independent of the tangential component of 9,X,).

For the value at s = 0, at # = 0 we have 10(0) = K/A(0), v}(0) = 0, v2(0) = K/B(0),
v3(0) = 0. The derivatives 8aXA}S:0 g—o are computed explicitly: 9, A(0) = cosh(0)/(2A(0)) =
1/(2A(0)), 9,B(0) =1/(2B(0)), (%(p(b) = 0 (the integral from 0 to 0). Hence

K K K(A? — B2 K
$a(0) = =9, A- 10|, +0+0,B-v*|,+0 = ~5A0) T 2B(O? — (2,4232 ) T ZAOPBO)
and A(0)?B(0)? = (a+ 1/2)(a — 1/2) = K?, whence ¢,(0) = K/(2K?) = 1/(2K). O

Lemma 8.3 (Modified boundary condition for ¢,). On 9%, the field ¢, satisfies the modified
Robin condition

(25) Rog = n¢a - COthT’(a) o = _T/(a) HS‘@EQ’

where ks = 11(n,n) is the value of the second fundamental form along the meridian. In particular,
since ks = K/B(s0)? > 0 and 1'(a) # 0 (which follows automatically from the hypothesis ¢q > 0
of Theorem 10.2, see also |17, Theorem 1.2] for the real-analyticity of r(a)), Roq # 0 on 0%,.

Proof. The FBC for ¥, in B3(r(a)) is (v, Vp) = 0 on 0%, where p = distys(po, -). Differenti-
ating along the family, including the displacement of the boundary point X,(so(a),0),
d

0= %(Vaa V)

where Vy denotes the velocity of the boundary point as a varies.
Computation of Vy. By the chain rule,

Xatso(@.0) = (DPava; Vo) 5+ (Va, Vi, V),

d B , - ,
%Xa(SO(a)a 9) - aaXa|(SO(a)7g)+30(a) 88Xa|(so(a),6)_ 6aXa\(8079)+30(a) m,

since 0s X, = 1 at the boundary (the outward conormal to 0%, in ¥,). Decompose 0,X, in the
local frame (v,7n,Jy) at the boundary point:

0aXal,

Vy =

):QSCLV—FTWH—FTQ(%,

s0,0

with ¢q = (0,Xa, V) (the parametric Jacobi field, by definition), and 7,79 the tangential
components.
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We claim 75 = 0. Indeed, the family {X,},~1/2 is rotationally symmetric: the SO(2)-action
6 — 6+ a on H? (rotation about the geodesic axis {X? = X? = 0}) commutes with the
parametrization, X,(s,0 + ) = RoX4(s,0), where R, is the ambient rotation. Differentiating
with respect to a at fixed (s,60), 9,X4(s,0 + o) = Ry 0, X4(s,0), that is, 0,X, transforms
equivariantly under the SO(2)-action. Since Jy is the infinitesimal generator of this action
and v,n are SO(2)-invariant (they lie in the meridional plane), the equivariance forces the Jp-
component of 9, X, to vanish in the meridional gauge # = 0, and hence to vanish identically (by
SO(2)-equivariance).

It remains to identify 7, + si(a). The boundary points satisfy p(X,(so(a),f)) = r(a), an
identity in a. Differentiating in a:

r'(a) = 2=p(Xa(s0(a),0)) = (Vp, Vi)
At the boundary, Vp’a =1 (since |Vp| =1, Vp is outward, and the FBC (v, Vp) = 0 together
with Vp L 0y for rotational symmetry, forces Vp’a to be along n). Using (v,n) =0, (Jp,n) =0,
and (n,n) = 1:
r'(a) = (0, dav + 71 + 7905 + sp(a)n) = Ty + sp(a).

Therefore 7, + sy(a) = ’(a), and consequently
(26) Vo = dav+1'(a)n.

Computation of Dyv, at 0%,. The unit normal v, is determined up to sign by the conditions
(Va, Tx,2q) = 0 and (vg, V) = 1, with a coherent orientation across the family. Differentiating
in a at a fixed boundary point X,(sg,6), with the chain rule incorporating sj(a):

Dal/ala = 8{17/0,‘(8079)‘1‘56((1) Vnya.

The tangential part of 8aya‘(80 0) is determined by the orthogonality to the tangent space:

(Vg,0sXa) = 0 and (v,,09X,) = 0. Differentiating the first relation in a at (sg,6) (without
including s, since we are differentiating at fixed parameter (s, 0)):

<8aVa7 asXa> + <Va7 8saaXa> = 07

that is, (Ogve,n) = —(Va, 05(0,X4)) = —0s(Va, 0aXa) + (OsVa, 0aX4). The first term is —0s¢, =
—0pq (since J; = 1 on the meridian at the boundary). The second term involves the shape
operator: Osv, = —Zj hs;0; X, (Weingarten), and the relevant projection at the boundary,
combined with the rotational symmetry argument that eliminates the dy-component, leaves a
contribution that combines with the s{,(a)V,v, term as follows.

By the standard variation formula for the unit normal of a family of immersions (cf. [21]
or [11]), the variation of v, along the deformation field V' on 3, is given, modulo terms in the
conormal direction within the tangent space, by

(27) DaVa‘az _VE(ba + T/(a) VnVaa

where V¢, = (0pda)n + (Oga/B)0y is the intrinsic gradient of ¢, on X, and the second term
comes from the displacement sj(a) together with the n-component of Vj (i.e. 7/(a)). We note
that the formula (27) extends verbatim to the hyperbolic ambient: the derivation in [21, 11]
uses only (i) the orthogonality conditions (v, 0sX,) = (Ve, 09 X,a) = 0, (ii) Weingarten’s identity
Osvq = —kKs 1 (valid in any Riemannian ambient), and (iii) the unit-norm condition (v, v4) = 1.
None of these involves the ambient curvature, so the formula holds without modification in H?.
Projecting (27) onto Vp‘a =,

<Dayaun> = - nﬁba + T/(a)<an/a,77> = - 77¢Cl - r/(a)ns,

using (v,n) = 0, whence (V,v,n) + (v, Vyn) =0 and (v, V,n) =11(n,n) = Ks.
For the Hessian of the hyperbolic distance, V2p = coth p (g — dp ® dp). Substituting Vp,

Vv, Vp = cothr(a)(Va — (Vy, Vp)Vp) = cothr(a)(pav + 7'n — r'n) = cothr(a) - gav,
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and (v, cothr - ¢,v) = cothr - ¢,. Combining,
0=—0ypa — r’(a)/ﬁ;s + cothr(a) ¢q,

which is exactly (25).

For the value ks = K/B(sg)?, by minimality xs + x¢ = 0 and by Mori-Gauss (Lemma 2.2),
k2 = K?/B*. The orientation of v with 1/(s,0) = +K/B fixes the sign: a direct computation at
5 =0, using V7, Ts = 02X — X and ksv = V7, Ts|*, gives ks(0) = K/B(0)? > 0. By continuity
(and since K, B do not vanish on [—sq, s]), ks = K/B? everywhere.

By Pigazzini [17, Thm. 1.2|, a — r(a) is real-analytic on (1/2,00). One has r(a) > 0 for
every a > 1/2, with 7(a) — 0 as a — (1/2)" (Pigazzini [17, Prop. 1.3]) and r(a) — oo as
a — oo (which follows directly from the asymptotic r(a) ~ %loga at infinity, by Pigazzini [17,
Thm. 1.2]). The strict monotonicity of r(a) on (1/2,00) is posed as an open question in [17,
Question 6.3]; we do not need to assume it, since the condition r’(a) # 0 used in Theorem 8.5
follows automatically from the hypothesis ¢, > 0 of Theorem 10.2 (see Remark 10.3). O

Remark 8.4 (Green identity with Robin defect). For every u,v € H'(X,) with Lyu, Lyv € L?,
the Green identity

(28) S(u,v) = —/ v LyudA —I—f v-RudL, Ru:=0yu— cothr(a)u,
a 8Ea

follows by integration by parts from the definition of S. For u € kerg Ly, (a Robin Jacobi field:
Lyu =0, Ru = 0), both integrals vanish for every v.

8.2. No kernel in even mode 0.

Theorem 8.5 (No kernel in mode 0 even). Let a > 1/2 with 1’(a) # 0. Then the operator Ly,
Robin on ¥, has no nonzero Jacobi fields in the even radial sector of mode |k| = 0. Equivalently,
us¥e™(0) # 0 for every n > 0.

Proof. Assume, by contradiction, that 1 is a nontrivial Robin Jacobi field in mode 0 even:
Ly =0, Ry =0, ¢(6) = ¢ independent of 6, ¢(—s) = ¥ (s).
We apply (28) to u = ¢4, v = 9 in two ways:

S(6at) =~ | wLmﬁng ¢R¢a—o+7§¢.<_w(a>ﬁs>d@
S(%,w:—/z ¢a Lsth + - ba RY =040 =0.

Equating, r’(a)/is’8 $os,, ¥ dL = 0. By hypothesis 1'(a) # 0, and |, = K/B(s0)%* > 0, so

lo

WdL = 0.
0Ya

In mode 0, 9 is constant on each boundary circle, with value ¥ (so) = ¥(—sg) (even parity).
Hence ¢ ¢ dL = 47 B(s0)1(s0), whence ¢(sg) = 0.

Combining with the Robin BC Ri)(sg) = 9/(so) — cothr - 9(s9) = 0, we obtain 9/(sp) = 0.
Thus 9 is a solution of the radial Sturm-Liouville ODE of mode 0 with zero Cauchy data at sq.
By the uniqueness theorem, 1) = 0 on [—sg, Sg], a contradiction. O

Remark 8.6 (On why 7/(a) # 0 is needed). If 7/(a) = 0 at some af, then R¢, = 0 and ¢,
itself becomes a Robin Jacobi field in mode 0 even. At such a point the strong conjecture
(7), which requires nulgp = 2, would be violated. Therefore the condition 7/(a) # 0 is not a
technical restriction, but rather the necessary hypothesis for the strong form to make sense.
Under the hypothesis ¢, > 0 (Theorem 10.2), one deduces automatically r'(a) > 0, ruling out
this degeneracy.
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8.3. Axial-boost Jacobi field and odd mode 0.

Lemma 8.7 (Field of the axial boost Lo1). Let Loy = X1 + X109y be the generator of the
Lorentz boost in the plane (X9, X1, namely along the axis of the catenoid. The field

a sinh(2s)

B(s)
is of mode 0 odd in s, satisfies Lyu, = 0 in X, and has Robin defect on 0%, equal to

a(cosh(2sg) — 2a)  B(sg)* — 2K?
B(s0)? - B(so)®

Proof. For the explicit form, by Pigazzini [17, Lem. 3.2], at § = 0, 1° = K coshp/A —
asinh(2s)sinh ¢/(AB) and v! = K sinh¢/A — asinh(2s) cosh ¢/(AB). A direct computation
gives (Lg1,v) = —Asinhp - 10 + Acoshg - v! = —asinh(2s)/B (the terms in K cancel by
cosh? p — sinh? p = 1).

The field wu, is of mode 0 since it is independent of 6 (a computation at generic 6 gives the
same value by the rotational invariance of L01‘ . For parity, sinh(2s) is odd and B is even,
hence wu, is odd.

The identity Lyus = 0 follows from the standard variation principle for ambient isometries:
since Lo1 € s0(3,1) generates a one-parameter group of isometries of H3, the normal component
(L1, v) of the corresponding ambient flow is a Jacobi field on ¥,. The same variational principle
is applied in Pigazzini [17, Lem. 3.1| to K € s0(3) C s0(3,1) (where the additional preservation
of B3(r(a)) yields the Robin boundary condition); here the boost Lo; does not preserve B3(r(a)),
S0 Uy is a Jacobi field with a non-trivial Robin defect, computed below.

For the Robin defect, differentiating, u(s) = —a[2cosh(2s)/B — sinh(2s) - B'/B?]. Using
B’ = asinh(2s)/B, u.(s) = —a[2cosh(2s)B% — asinh?(2s)]/B>. At s,

Ru.(so) = ul.(sp) — cothr(a) - u«(sp).
Using cothr = asinh(2sq)/B(s0)? (from sinhr = B%/v/B2? — K2 and coshr = asinh(2sg) /v B2 — K?2),

—a[2cosh(2s9) B2 — asinh?(2s0)]  asinh(2sg) asinh(2sg)
B3 B T B
_a[2asinh?(2sy) — 2 cosh(2s) B?]
B3

A direct computation gives asinh?(2sq) — cosh(2s9)B? = acosh?(2sy) — a — acosh?(2sq) +
cosh(2s9)/2 = (cosh(2sg) — 2a)/2, whence Ru.(so) = a(cosh(2sq) — 2a)/B3. For odd parity,
ul(—s0) = u(sp) and u.(—sg) = —u«(sp); in the computation with opposite outward conormal,
Ru.(—sp) = —Rus(s0).

The identity cosh(2sg) — 2a = (B(sg)? — 2K?)/a follows from acosh(2sq) = B? + 1/2 and
2K? =24 —1/2. a

us(8) := <L01’V‘L>L‘Ea - _

(29) Ruy(so) =

RU*(—SO) = —RU*(SQ).

axis )

Ru* (80) =

Theorem 8.8 (No kernel in mode 0 odd, conditional). Under the assumption
(30) B(so(a))? # 2K (a)*  (equivalently, cosh(2sq(a)) # 2a),

Ly, on X4 has no nonzero Jacobi fields in the odd radial sector of mode |k| = 0. Equivalently,
$239(0) #£ 0 for every n > 0.

Proof. Let 1) be a nontrivial Robin Jacobi field in mode 0 odd, by contradiction. We apply (28)
with u = u,, v = ¥:

S(us, ¥) :0+?{¢.Ru*dL,
S(uy, 1) =0+0=0.

The value Ruy(sg) is constant (by rotational symmetry) on each boundary circle, with opposite
signs by odd parity: Ru.(—so) = —Ru«(sp). The field 9 is odd, so (—sg) = —1(so), constant
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on each circle. Therefore

%wRu* dL = 2w B(s0) [t(s0)Rus(s0) + 1 (—s0) Rus(—s0)] = 4w B(s0) ¥ (s0) Rus(so).

Under (30), Ru.(so) # 0, so ¥(sp) = 0. Combined with Ri(sg) = 0, ¢'(so) = 0. With zero
Cauchy data for the radial odd ODE of mode 0, by uniqueness ¢ = 0. (]

Proposition 8.9 (Asymptotic verification of (30)). Condition (30) holds for a sufficiently close
to 1/2%. More precisely, the asymptotic expansion
cosh(2sg(a)) — 2a = 2(p? — 1)(a — 1/2) + o(a — 1/2) (a— 1/2%)

holds, where p, = sinh o, and o, is the unique positive root of o = cotho. In particular, p? > 1
(since o, > arcsinh(1) = log(1 4+ v/2)), and hence cosh(2sq) — 2a > 0 near 1/2%.

Proof. By Pigazzini [17, Prop. 1.3, Rem. 1.4], r(a) = cxy/a — 1/2(1+0(1)) with ¢, = o4 cosh o,
and o, = cotho,. The formulas sinhr = B?/v/B2 — K2 and coshr = asinh(2sg)/v B2 — K2
(from the FBC) linearize near a = 1/2% to

so(a) = psv/a—1/2(1+ o(1)), px = sinho,.

A direct verification confirms this: the identity sinh®r = B*/(B? — K?) with B> ~ (a —
1/2)(1 + p?) and K? ~ a — 1/2 gives sinh? 7 ~ (a — 1/2)(1 + p2)2/p2, while 72 ~ 2(a — 1/2).
Hence ¢2 = (1 + p2)?/p?, namely c. = (1 + p?)/pe = p« + 1/ps; using p, = sinho, and
04 sinh o, = cosh o, we recover ¢, = o, cosho,.

Therefore cosh(2sg) — 1 = 252+ O(s3) = 2p2(a—1/2)+O((a—1/2)?), and 2a—1 = 2(a—1/2).
Subtracting,

cosh(2sg) —2a = 2p2(a—1/2) —2(a—1/2) + O((a—1/2)%) = 2(p2 — 1)(a —1/2) + O((a—1/2)?).

(
For the positivity p, > 1: at 0 = log(1 + v/2), sinhe = 1, cosho = /2, cotho = /2. The
function o—coth o is strictly increasing on (0, 0c0) (with derivative 1+csch?o > 0), and vanishes at
o = 0. Since log(1++/2) —v/2 = 0.881 —1.414 = —0.533 < 0, the root satisfies o, > log(1++/2),
whence p, = sinh o, > 1. O

Proposition 8.10 (Geometric identity and reformulation of (30)). The identity
2
s (Blso(a)? = 2K(a)?)
B(so(a))* — K(a)?

holds. In particular, sinh®r(a) > 4K (a)? for every a > 1/2 (unconditionally), with equality if
and only if B(so(a))? = 2K (a)?. Equivalently,

(31) sinh?r(a) — 4K (a) for every a > 1/2

(32) sinhr(a) > 2K (a), with equality iff B(so(a))? = 2K (a)?,
and the condition (30) of Theorem 8.8 is strictly equivalent to the strict geometric inequality
(33) sinhr(a) > 2K (a).

Remark 8.11. Proposition 8.10 is a geometric reformulation of condition (30) of Theorem
8.8, and does not constitute an analytic closure of Theorem 8.8 itself. The non-strict inequality
sinhr > 2K is automatic by algebraic construction, but the strict version sinhr > 2K (necessary
in Theorem 8.8) is logically equivalent to the original hypothesis cosh(2sg) # 2a and remains
open as an analytic problem. The value of Proposition 8.10 lies in identity (31), which identifies
explicitly the quantity (B? —2K?2)?/(B? — K?) as an algebraic measure of the distance from the
degenerate case, and in the more tractable geometric reformulation of the hypothesis.

Proof. From the identity sinh? 7 = B*/(B? — K?) established in the proof of Lemma 2.5,

B*—AK?*(B* — K?) B*—4K?B?+4K* (B?-2K?)?
sinh?r — 4K? = ( ): s :( ) )
B2 _ K2 B2 _ K2 B2 _ K2
which is (31). We verify B(sg)? — K2 > 0 as follows. By definition, 7(a) is the positive geodesic
radius of the boundary sphere dB3(r(a)), so sinhr(a) > 0. The identity sinh?r = B*/(B?— K?),
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with B(sg)? > 0 and sinh?r > 0, forces the denominator B2 — K2 to have the same sign as the
numerator B* > 0, hence B? — K? > 0 strictly. Therefore, the ratio on the right-hand side of
(31) is nonnegative, with equality if and only if B?> = 2K?2. Taking positive roots (both sides are
positive) gives (32). Finally, condition (30) reads cosh(2sg) # 2a; using B? = a cosh(2sg) — 1/2
and K? = a® — 1/4, B? — 2K? = a(cosh(2sg) — 2a), whence B? # 2K? <= cosh(2sg) # 2a.
Combined with the non-strict inequality (32), we obtain (33). O

Remark 8.12 (Status of the residual open problem). Proposition 8.10 establishes uncondition-
ally that sinhr(a) > 2K (a) for every a > 1/2, reducing the condition of Theorem 8.8 to the strict
inequality (33). The residual open problem is the possible existence of a value a* € (1/2,00)
with

(34) sinhr(a*) = 2K (a*), equivalently B(so(a*))? = 2K (a*)>.

By Proposition 8.9, (34) does not hold for a near 1/2% (asymptotically, B> — 2K? ~ 2a(p? —

1)(a — 1/2) > 0). For a — oo, from the asymptotic r(a) = 3 loga + do + 0(1) of [17] and from

the identity sinh?r = B*/(B? — K?),

r/4)*
o3 1

so (34) does not hold asymptotically as a — oo either. In Section 8.5, Theorem 8.17, we prove

analytically the absence of critical values a* for a € (1/2,1]. For a € (1,00), a rigorous analytic
proof remains open; it is equivalent to the strict transcendental inequality

I(1/4)%
2K (a)? ~ 2a®, B%*—-2K%~ (2/) a® — oo,

B(so(a))? ~ 3

tanhgo(%arccosh(Qa)) #4/5— 55 Va>1

8a?
8.4. Status of condition (F).

Corollary 8.13 (Partial closure of (F)). The following hold:
(a) The part p¥™(0) # 0 for every n > 0 of condition (F) of Theorem 7.2 is proved uncon-

n
ditionally (Theorem 8.5).

(b) The part p23(0) # 0 for every n > 0 is proved under the strict geometric inequality
sinhr(a) > 2K (a) (Theorem 8.8 and Proposition 8.10). This inequality holds automat-
ically in non-strict form (32) for every a > 1/2; its strict version is proved analytically
for a € (1/2,1] in Theorem 8.17.

(¢) The remaining part of (F), namely the strict inequality p2(0) > 0, is denoted by (F') and
will be reduced in Section 10 to the single geometric condition of positivity of ¢, on the

principal branch.

Proof. For (a), by Theorem 8.5, us'°"(0) # 0 for every n. For (b), by Proposition 8.10, the

n
strict condition sinhr(a) > 2K (a) is equivalent to condition (30) of Theorem 8.8; under this,
1239(0) # 0 for every n. The radial spectrum of mode 0 is the union (alternating in parity by
classical Sturm-Liouville theory) of {u&"*"(0)} and {u299(0)}, whence p,(0) # 0 for every n

n n

under sinhr > 2K. For (c), the reduction of u2(0) > 0 is the subject of Section 10. O

8.5. Analytic closure of (G) for a € (1/2,1]. In this subsection we prove analytically the
strict geometric inequality sinhr(a) > 2K (a) (equivalently cosh(2so(a)) > 2a, B(sg)? > 2K?)
for every a € (1/2,1], thereby closing condition (G) of Theorem 8.8 in this regime.

Lemma 8.14 (Reformulation of (G) as crossing of the FBC). Let s*(a) := farccosh(2a), defined
for a > 1/2. The condition cosh(2sp(a)) > 2a is equivalent to so(a) > s*(a), and is implied by
the inequality

(35) tanh p(s*(a);a) < \/1 — 5.

8a?

Proof. The FBC tanhp(s;a) = B(s;a)K(a)/(asinh(2s)) has a unique solution sp(a) since
Ostanh ¢ > 0 and 05| BK/(asinh2s)] < 0 (cf. [17]). At s = s*(a), cosh(2s*) = 2a, sinh(2s*) =
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2K, B(s*)? = 2K?, B(s*) = K+/2. Hence

\ B(s)K _KVv2-K K
RHS of the FBC(s"5a) = 2 o/ = = s = 5 = 3~ B

If tanh p(s*;a) < y/1/2 — 1/(8a?), then at s = s* the LHS of the FBC is strictly smaller than

the RHS; by monotonicity, the crossing point so(a) lies at s > s*(a). O
Lemma 8.15 (Upper bound on tanh ¢(s*;a)). For every a > 1/2,
* h(2
(36) tanh p(s*(a);a) < s(a) = oo ( a).
at1/2 2/a+ 1/2

Proof. For s € [0, s*], AQ( ) > A%(0) = a+ 1/2 and B(s) = /a —1/2. Therefore

(s";a) K/ K-s _¢<a—1/2><a+1/2>-s _ s

A2 (a+1/2) a—1/2 (a+1/2)\/a—1/2 Va+1/2

From tanhx < z for > 0 we obtain (36). O

Lemma 8.16 (Transcendental inequality for closure). Setting u := 2a — 1, for every u € (0, 1],
(37) h(u) :== (u+ 2)v/u — (u+ 1)arccosh(u + 1) > 0.

Proof. Under the substitution u + 1 = cosh(27) with 7 > 0, u € (0,1] <= 7 € (0, 71| where
1

7 = sarccosh(2). Using cosh(27) + 1 = 2cosh? 7 and cosh(27) — 1 = 2sinh® 7, we obtain
Vu=+/2sinh7, u+2 = 2cosh? 7, u + 1 = cosh(27), arccosh(u + 1) = 27, and
h(u) = 2v/2cosh? 7sinh 7 — 27 cosh(27) = 2 cosh? 7 - D(7),

where
(38) D(7) := V2sinh 7 — 27 + 7 sech?r.
Since cosh? 7 > 0, it suffices to prove D(1) > 0 for 7 € (0, 7).

For the boundary values, D(0) = 0. At 7 = 7 = Larccosh(2), cosh(2m1) = 2, whence
cosh? 71 = 3/2, sinh® 7y = 1/2, sech?r; = 2/3. Therefore

D(r) =V2- % — arccosh(2) + Jarccosh(2) - £ =

From arccosh(2 fl )~12dt < f —1)"2at = /2,
D<ﬁ)21—¥:%>0,

1 — Zarccosh(2).

since (2v/2)2 =8 < 9 = 32.
We now show strict concavity of D on [0, 71]. We compute

D'(1) = V2cosh T + sech®r (1 — 27 tanh 1) — 2,
D"(7) = v/2sinh 7 + sechr (27(3 tanh® 7 — 1) — 4 tanh 7).
For 7 € (0, 7], since tanh 7 < tanh 71 = 1/4/3, we have tanh? 7 < 1/3, whence 3 tanh®7 —1 <0
and 27(3tanh? 7 — 1) < 0. Therefore
sinh 7'(4 — /2 cosh? 7')
cosh® 7 '
On [0,71], coshT < /3/2, whence v/2cosh® 7 < v/2-(3/2)%2 = 3v/3/2. From (3v/3)? = 27 <
64 = 8% we have 3v/3/2 < 4, and hence
sinh7(4 — 3v/3/2)
cosh® 7

Therefore D" < 0 strictly on (0,71], and D is strictly concave on [0, 71].
By strict concavity of D with D(0) =0 and D(ry) > 0,

D(7) = (1 =7/m)D(0) + (7/11)D(71) = (7/71) D(71),

—D"(1) > —V/2sinh 7 + 4sech?r tanh 7 =

-D"(1) >

>0 forT e (0,m)
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with strict inequality for 7 € (0,71). Hence D(7) > 0 for every 7 € (0, 71]. O

Theorem 8.17 (Analytic closure of (G) for a € (1/2,1]). For every a € (1/2,1], sinhr(a) >

2K (a) strictly. Equivalently, cosh(2sg(a)) > 2a and B(so(a))? > 2K (a)? strictly.

Proof. Combining Lemmas 8.15 and 8.16, for u = 2a—1 € (0, 1] the inequality s*(a)//a + 1/2 <
1/2 — 1/(8a?) is equivalent, after squaring and simplification, to h(u) > 0 with v = 2a — 1.

Explicitly, from 1/1/2 —1/(8a2) = v/4a? — 1/(2av/2) and s*(a) = %arccosh(2a),

arccosh(2a) 4a? — 1
2\/a+1/2 2a+/2

<=  aVv2arccosh(2a) < \/a+1/2V4a?> -1
=  2da”%arccosh?(2a) < (a +1/2)(4a* — 1) = (a 4+ 1/2)(2a — 1)(2a + 1)
= 1(2a + 1)*(2a — 1).

Substituting v = 2a — 1 (whence 2a =u+1,2a+1=u+2,a=(u+1)/2),
$(u+1)%arccosh?(u + 1) < §(u+2)*u <= [(u+ 1)arccosh(u + 1)]* < [(u + 2)v/ul*.
Both sides are positive for u > 0 (since arccosh(u + 1) > 0 for v > 0), so the inequality is
equivalent to (u + 1)arccosh(u + 1) < (u+ 2)y/u, namely h(u) > 0, which holds by Lemma 8.16.

Combining: for a € (1/2,1], tanh ¢(s*(a);a) < s*(a)/y/a+1/2 < \/1/2 —1/(8a2), and by
Lemma 8.14, so(a) > s*(a), equivalently cosh(2s¢(a)) > 2a. O
Corollary 8.18 (Complete closure of no-kernel of (F) for a € (1/2,1]). For every a € (1/2,1],
the no-kernel condition of (F) of Theorem 7.2 is fully satisfied: pn,(0) # 0 for every n > 0.
Combined with Theorem 9.4, the strong Medvedev conjecture (7) for a € (1/2,1] reduces to the

single strict spectral inequality (F' )= {u2(0) > 0}, which will in turn be reduced in Section 10 to
the geometric inequality ¢q > 0 on the principal branch.

Proof. By Theorem 8.17, sinhr(a) > 2K(a) strictly for every a € (1/2,1], so the hypothesis
of Theorem 8.8 is satisfied, and Corollary 8.13(b) closes the odd part of the no-kernel of (F).
Combined with (a) of the same corollary, u,(0) # 0 for every n. Condition (E) is closed by
Theorem 9.4. Only (F’)= {u2(0) > 0} remains, whose further reduction is the subject of Section
10. O

9. PICONE IDENTITY WITH BASE B(s) AND PARTIAL CLOSURE OF (E)

In this section we develop a second Picone identity, with base the function B(s) (the even

eigenfunction of mode |k| = 1, cf. Lemma 2.4), which allows us to close condition (E) of Theorem

7.2 (namely p5v"(2) > 0) for an explicit interval of values of a.

9.1. The identity with base B.
Lemma 9.1 (Weighted equation for B). Pointwise on (—so, so),
(39) BB" + (B')? =1+2B?, equivalently (BB') =1+ 2B% = 2acosh(2s).

Proof. From B? = acosh(2s) — 1/2 we obtain 2BB’ = 2asinh(2s), whence BB’ = asinh(2s)
and (BB') = 2acosh(2s). On the other hand (BB')’ = (B')? + BB”, and 2acosh(2s) =

2(B% +1/2) = 1+ 2B2. Therefore BB" + (B')?> =1+ 2B2. O
Remark 9.2. Identity (39) expresses the fact that B is a radial eigenfunction of the Jacobi
operator in mode |k| = 1 with eigenvalue |[II|?: Ly ;B = |II|?B, namely ®? = Bcosf is an

eigenfunction of Ly, with eigenvalue [II|? (cf. Lemma 2.4).

Lemma 9.3 (Picone identity with base B). Let h € H'((—sg, s0)) and u := Bh. Then u satisfies
the Robin condition of mode |k| =2 on 0 if and only if h'(£s¢) = 0 (Neumann condition on h).
Under this condition, for every integer k,

S0 h2
(40) Si*d(Bh, Bh) = / [33(h’)2 + ((k* —=1)B* - 2K2)§}ds.

—5s0
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Proof. For the translation of the BC, if u = Bh, then u'(so) = B'(s0)h(so) + B(so)h'(s0). The
Robin condition u'(sg) = cothr - u(sg) = cothr - B(so)h(sp), combined with B’(sg)/B(so) =
cothr from Lemma 2.5, becomes h/(sp) = 0. Analogously, h'(—sg) = 0 by parity.

For the computation of the identity, setting v = Bh, v/ = B'h + Bh, whence B(u/')? =
B(B'h + BW)? = B(B')2h? + 2BB'Bhl + B3(1')?, and 2BB'B hi' = B2B'(h?)'. Integrating
in s and integrating by parts the cross term,

S0 S0
B*B'(h*)'ds = [B*B'n?]™ / (B2B') h2ds.
—s0 —S0
From (B?B') = 2B(B’)? + B2B" and the identity BB"” =1 + 2B% — (B")? of Lemma 9.1,
B?B" = B(1+2B? — (B')?) = B+2B% — B(B')?,
whence (B?B’) = 2B(B')?> + B + 2B? — B(B')?> = B(B')?> + B + 2B3. Therefore
/B(u')st = /B(B’)2h2 + [B*B'h?]Y /(B(B’)2 + B +2B3)h* + /33(h’)2
= [BB'n?]™ — /(B+2B3)h2 +/B3(h’ 2

Combining with the potential term — [ BWyu? = — [ B(|lI|? — 2 — k*/B?)B?h?, and using
I11|?2B3 = 2K?/B (Lemma 2.2),

Si*d(Bh, Bh) = [B*B'h*]” /(B + 2B3)h? + /B3(h’)2 — /(B3|II|2 —2B% — k2B)h?
— cothr B(s0)? [h(s0)? + h(—s0)?]
= [B*B'p?]* + /33(h’)2 + /(—B —2B% — 2K?/B + 2B? + k*B)h?

— cothr B(s0)*[h(s0)? + h(—s0)?]

[B B h2 /33 24 /B((lc2 —1)—2K?/B*)h? — cothrB(so)3[h(80)2 + h(—

The boundary terms cancel exactly. From B even, B’ odd, B(+sg) = B(so), B'(£so) =
:EB/(S()),
[B*B'h?]™ = B(s0)*B'(s0)[h(50)* + h(—s0)?]-
By Lemma 2.5, B'(sg) = cothr B(sg), whence B(sg)?B’(s¢) = cothr B(so)?, which cancels with
the last term. Rearranging the bulk, we obtain (40). O

9.2. Closure of (E) for a € (1/2,1].

Theorem 9.4 (Closure of condition (E), regime a < 1). For every a € (1/2,1], ug""(2) > 0.
Consequently, applying Theorem 4.2, pg"" (k) > 0 for every |k| > 2, closing all even radial modes
of mode |k| > 2.

Proof. Let u € H'((—s0,50)) be even and nonzero, with Robin condition of mode |k| =
Setting h := u/B (with B > 0 on [—s0,s0]), h € H! is even with h/(£sp) = 0 by Lemma 9.3.
The identity (40) with k = 2 gives

S0 h2
(41) sptu) = [ [B0) 4+ (B - 26 Jas.
—so
The factor 3B% — 2K? is an even function of s, strictly increasing in |s|, with minimum at s = 0:
3B(0)*> —2K? =3(a —1/2) — 2(a®> = 1/4) = —(2a — 1)(a — 1) > 0 for a € (1/2,1],

with equality only for a = 1 at s = 0. Therefore 3B%2 — 2K? > 0 pointwise on [—sg, 5], with
possible equality only on the set of measure zero {s = 0} when a = 1.

80)2] .
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Both integrands on the right-hand side of (41) are nonnegative. If h is not constant, [ B3(h)? >
0 and hence S5*(u,u) > 0. If h = ¢ # 0 is constant, then

S0
Sy (u,u) = 02/ (3B? — 2K?*)/Bds > 0,

—50

since the integrand is nonnegative with zero set of measure zero. In either case S5*d(u,u) > 0,
hence p§"*"(2) > 0.
The extension u§"*®(k) > 0 for |k| > 2 follows from Theorem 4.2: p'® (k) > ug'en(2) + (k? —

4)/B(s0)? > 0 for |k| > 2, and directly for |k| = 2. O
9.3. Extension to a > 1 via Hardy estimate. For a > 1, the polynomial 3B% — 2K? in (41)
changes sign: 3B? —2K2 < 0 on (—s*(a),s*(a)) and > 0 elsewhere, where
20> 41

3a

The positivity of S§ad then requires a Hardy estimate that controls the negative region |s| < s*
via the gradient term [ B3(h')?

(42) cosh(2s™(a)) =

Proposition 9.5 (Extension via Hardy). For a > 1, define

(@) 3B(s)* — 2K?| =0(@) 3B(s)? — 2K*
Iy (a) ::/ ds, I (a ::/ S22 s,
W=, B3 VO e T BE
@) Ty (t) so(a) [ ()
K. (a ::/ dt, K (a ::/ VA dt,
W= B W= o BOP
with Ty (t fo 1382 — 2K?|/Bds and I} (t) := 20(3B* — 2K?)/Bds. If both conditions
+
(43) 2K.(a) <1 and QIV(a)w <1
Iy (a)

hold, then pg'*"(2) > 0.
Proof. Let u = Bh, h even on [—sg, o], M'(£s9) = 0, u nonzero. By symmetry h(—s) = h(s),
hence S5 (u,u) = 2I where

I:= /SO [B*(W)? + (3B* — 2K2)h—2]ds =J +Jy+ / v +/ v
b B -ttt BT ). B
with V :=3B% — 2K2, J_ = [¥ B3(W)?, J; := [ B3(h’)
For the estimate of the negative term, for s € [0 s*], h(s)— f t)dt and weighted
Cauchy-Schwarz give |h(s) — h(s*)|> < (fss 1/B3)J_. Thus h( ) 2h(s ) (fss 1/B3)J_.
Multiplying by |V (s)|/B(s) and integrating,

’ VI(s) /S* dt

V|—=ds < 2Iyvh 2 ds|J_.

[ g <o [T IEE [ g

By Fubini, the double integral becomes fOS* (fg \V|/Bds)/B(t)*dt = K.(a). Therefore

*

(44) / |V\ " s < 20y (572 + 2K (a) ]
0
For the estimate of the positive term, for s € [s*, s0], h(s)? > (1 —€)h(s*)2 — (e71 = 1)(h(s) —
h(s*))? (reverse Cauchy—Schwarz) with € € (0,1), and the analogous estimate (h(s) — h(s*))? <

([21/B?)J.. By Fubini,

(45) /so v’j;ds > (1— O)IFh(s")? — (€' — DK (a) ],

Substituting (44) and (45) in I,
I>(1-2K.(a))J-+(1— (' = 1)K (a)Jy + (1 — e)I}F — 21y )h(s*)*.
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The choice € = K /(1 + K;) annihilates the coefficient of J; at 07. For admissibility we must
have (1 — €)I;; > 2@y, namely I}t /(1 + K;F) > 21y, that is, 21y (1 + K;7)/I;; < 1, which is the
second condition of (43). For the first condition, 1 — 2K, (a) > 0 ensures that the coefficient of
J_ is positive. Hence I > 0 strictly, and S§ad(u, u) =21 > 0. O

Theorem 9.6 (Analytic existence of an extension range). There exists A, € (1,00) such that
condition (E), namely pg"®"(2) > 0, holds for every a € (1/2, A,].

Proof. By Theorem 9.4, (E) holds for every a € (1/2,1] unconditionally. To extend beyond
a = 1, we show that the Hardy conditions (43) are satisfied in a right neighborhood of a = 1.

At a = 1, equation (42) gives cosh(2s*(1)) = (2 +1)/3 = 1, hence s*(1) = 0. Therefore the
interval of integration [0, s*(a)] degenerates to a point, and

Iy(1) = K.(1) = 0,

whence 2K, (1) = 0 < 1 and 2Iy(1)(1 + K7 (1))/1;7(1) = 0 < 1 (both conditions are satisfied
with maximum margin, since I3} (1) > 0 as 3B% — 2K? > 0 on (0, so(1)] by Theorem 9.4).

The functions a — s*(a), a — so(a), a — B(-;a) are real-analytic on (1/2,00) (the first from
the explicit formula (42), the second from the implicit function theorem applied to the FBC, the
third trivially). Therefore the functions Iy (a), K. (a), I (a), K (a) are continuous (real-analytic
for a > 1, and continuous up to @ = 17 with limits 0,0,I$(1) > 0, K (1) > 0, respectively).
By continuity, there exists 6 > 0 such that (43) holds for every a € [1,1 + d]. Combined with
Theorem 9.4, setting A, := 1+ § we obtain the claim. O

Remark 9.7 (Quantification of A,). The explicit quantification of A, requires a quantitative
analysis of the four quantities Iy (a), K.(a), I;;(a), K} (a). The asymptotic analysis B? ~
I'(1/4)%a®/(273) as a — oo and s*(a) ~ log(2a/3) shows that the second condition of (43)
saturates (tends to a limit co, > 1) as a — o0, so that the present Hardy estimate with base B
does not extend to all of (1/2,00). A closure of (E) for every a > 1/2 would therefore require
an alternative estimate, the subject of future investigation.

9.4. Intermediate status of the Medvedev conjecture. Combining Theorem 9.4, Propo-
sition 9.5, Theorem 8.5 (no-kernel mode 0 even, unconditional), Theorem 8.17 (closure of (G)
for a € (1/2,1]), and Theorem 7.2, we obtain the following intermediate status, to be further
refined in Section 10.

Proposition 9.8 (Intermediate reduction of the Medvedev conjecture). Let A, > 1 be the value
of Theorem 9.6. Then:

(i) For a € (1/2,1], the strong Medvedev conjecture (7) is equivalent to the single spectral
inequality (F' )= {u2(0) > 0}.
(ii) For a € (1, Ay], the strong conjecture is equivalent to the conjunction of (F') and (G)=
{sinhr(a) > 2K (a) strict}.
(ili) For a > Ax, also (E)= {p5""(2) > 0} remains formally open.

Proof. For (i), in a € (1/2,1]: (E) is closed by Theorem 9.4; the no-kernel part of (F) is closed
by Corollary 8.18 (which uses Theorem 8.17). Only p2(0) > 0 remains.

For (ii), in a € (1, A,]: (E) is closed by Proposition 9.5 (combined with Theorem 9.6); the
no-kernel part of (F) is closed under (G). The remaining conditions are p2(0) > 0 and (G). O

In Section 10 we further reduce (F’) to a single geometric inequality on the parametric Jacobi
field ¢q, obtaining the final reduction (Theorem 10.5).

10. REDUCTION OF (F’) TO POSITIVITY OF ¢, VIA STURM SHOOTING COUNT

In this section we present an analytic strategy that reduces condition (F')= {u2(0) > 0}
to a single geometric inequality on the parametric Jacobi field ¢,, and we prove the reduction
conditionally to the positivity of ¢, on [0, sg].
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10.1. Sturm shooting count theorem for Robin BC. We premise a result of Sturm-—
Liouville theory (with mixed BC).

Lemma 10.1 (Sturm shooting count with Robin BC). Let Lu := —(p(s)u’)" + q(s)u on [0, so]
with p,w > 0 regular, and consider the eigenvalue problem

Lu = Aw(s)u, u'(0) = agu(0), u'(s0) = aqu(so),

with ag, a1 € R. Let g be the zero-energy solution of the problem, namely the solution of L) = 0
with Cauchy data at s = 0 compatible with g (and normalized so that 1o(sg) # 0 if possible).
Then the number of strictly negative eigenvalues is

N_(L) = n (1) + 09,

where n, (1) is the number of zeros of g in (0,s0) if ag corresponds to Neumann (ag = 0) or

in (0, s0) if Dirichlet (u(0) =0), and
5 {1 if wo(s0) # 0 and wf(s0)/o(s0) — o1 <0,

0 otherwise.

Idea of the proof (standard). The count follows from Sturm’s oscillation theorem and the analy-
sis of the rotation of the Priifer angle (s, A) defined by ¥x(s) = Rsin6, pii(s) = Rcosf. As
A varies from —oo to 0, 6(sp, A) grows monotonically by a multiple of 7, and the count of nega-
tive eigenvalues coincides with the number of complete rotations plus a boundary correction &g
depending on the final position of (s, 0) with respect to the BC value. References: Hartman
[12, Ch. XI|, Eastham [8]. O

10.2. Application to parity sectors of mode 0.

Theorem 10.2 (Reduction of (F’) to the positivity of ¢,). Let a € (1/2,00) be such that
sinhr(a) > 2K (a) strictly (condition (G)). If

(46) ba(s) >0  for every s € [0, so(a)],

then 1'(a) > 0 and p2(0) > 0 strictly, namely (F') is satisfied.

Proof. We first treat the even radial sector of mode 0. The SL problem reduced to [0, so] is

—(BYY =B(|]I1|>*~-2)u = pBu, 4/ (0) = 0 (g = 0, Neumann), u'(sg) = cothr-u(sg) (a1 = cothr).
The zero-energy solution with 1y(0) = ¢4(0) = 1/(2K), ¢{(0) = 0 is precisely 19 = ¢, (Cauchy

uniqueness for the Jacobi ODE L¢, = 0, Lemma 8.2). By (46), n.(¢,) = 0 in (0, sp), and

¢a(80) > 0.

We now deduce r'(a) > 0 from the positivity of ¢,. By Theorem 6.1, S(®°, ®°) < 0 and ®°
belongs to the even radial sector of mode 0, hence p{"*"(0) < 0. In particular N®V"* > 1. By
Lemma 10.1, N = n,(¢,) + d9 = 0 + g, hence dy > 1. Since dy € {0, 1}, necessarily dy = 1,
namely

#.(50)/da(s0) — cothr <0 <= Ro, = ¢, (s0) — cothr ¢a(sg) < 0.

By Lemma 8.3, Rp, = —r’(a)/ﬂs‘a with /{s‘a = K/B(s9)? > 0. Hence —1/(a)ks < 0, whence
r’'(a) > 0. In particular, hypothesis (46) automatically precludes the degeneracy r’(a) = 0, and
consequently R¢, # 0, the condition required by Theorem 8.5.

For the count of eigenvalues in the even sector, from dg = 1, N = 1. Hence p§"*"(0) < 0 <
u5¥e(0). Combining with Theorem 8.5 (no-kernel even, valid under ’(a) # 0 as just proved),
u5¥e"(0) # 0, hence p§Y™(0) > 0 strictly.

We now turn to the odd radial sector of mode 0. The SL problem on (0, s¢] is

—(Bu)' —=B(|[11]*~2)u = uBu, u(0) = 0 (Dirichlet), u'(s9) = cothr-u(sg) (a; = cothr).

The zero-energy odd solution is the explicit boost field u.(s) = —asinh(2s)/B(s) of Lemma
8.7. Trivially u.(s) # 0 for s € (0, sg], since sinh(2s) > 0 and B(s) > 0 in that range. Hence
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n(us) = 0 in (0,s0). For the boundary, ¢y := —u, = asinh(2s)/B(s) is positive on (0, so]
(standard normalization). We compute

2a — cosh(2sg)
B(sp)?sinh(2sg)’

Yo(s0)/v0(s0) — cothr =

as in the computation in Lemma 8.7. Under (G), cosh(2sy) > 2a, so the numerator is strictly
negative, and 1)/ — cothr < 0. By Lemma 10.1, 659 = 1, and N°d4 = 0 + 1 = 1. Hence
£894(0) < 0 < p944(0). By Theorem 8.8 (no-kernel odd under (G)), 12$99(0) # 0, hence p$44(0) >
0 strictly.

We now invoke the standard interleaving property. By classical SL theory on the symmetric
interval [—sg, so] with even coefficients and symmetric BCs, the eigenvalues of the even and odd
subsectors interlace: p§'®® < pgdd < p§ven < p9dd < ... (the BCs of the two subsectors differ
only at s = 0: Neumann even, Dirichlet odd, and Dirichlet > Neumann generates an upward
shift of the eigenvalue by one unit). Therefore us(0) = p{V*(0) (the third overall eigenvalue),
and we have proved p$¥*"(0) > 0. We conclude u2(0) > 0, namely (F'). O

Remark 10.3 (Positivity of ¢, as the critical condition). The key step in Theorem 10.2 is that
the hypothesis ¢, > 0 on [0, sg] automatically implies r'(a) > 0 (and hence R¢, < 0 # 0), via
the Sturm shooting count lemma and the known fact p§"*"(0) < 0. Therefore it is not necessary
to assume the sign of 7/(a) independently: the geometric condition ¢, > 0 is the critical one.
Conversely, if 7'(a) < 0 at some a, then R¢, > 0, and (under ¢,(sg) > 0, consequence of
®a > 0) ¢, (s0)/¢a(s0) > cothr, giving dg = 0 and N" = 0, in contradiction with pi"*"(0) < 0.
Equivalently, the hypothesis ¢, > 0 is strictly stronger than 7/(a) > 0, and the possible violation
of ¢, > 0 (in particular at points a where 7/(a) = 0) would manifest as an interior zero of @,.

Remark 10.4 (Analytic status of the condition ¢, > 0). The positivity (46) is a natural geo-
metric property of the Mori family {3,}: it expresses the transversality of the flow a — X, with
respect to the normal v, at every point of the principal branch. Equivalently, the surfaces of
the family are never tangent to each other at any point of the principal branch. Such positivity
is consistent with the explicit value at the neck ¢,(0) =1/(2K) > 0 (Lemma 8.2). An analytic
proof may proceed as follows: (i) (integral form) expanding ¢, (s) = (05 Xa(s,0),v4(s,0)) ex-
plicitly with the Mori parametrization, one obtains ¢,(s) as a sum of integrals with determinable
sign; (ii) (ODE analysis) from L¢, = 0 with given ¢,(0) = 1/(2K) > 0, ¢/,(0) = 0, and analysis
of the transition points of |II|? — 2 (the potential), one can trace the behavior of ¢,: decreasing
up to the minimum, then increasing up to the boundary; (iii) (comparison with known Jacobi
fields) the Wronskian identity ¢qul, — ¢Lu, = —a/(KB) links ¢, to u, explicitly, providing a
constraint that excludes zeros of ¢, in regions where u, and its derivative have specific signs.
The complete analytic formalization of (i)-(iii) is left as an open problem. We observe, more-
over, that under the assumption ¢, > 0 combined with p§"*"(0) < 0 (always true by Theorem
6.1) and with Lemma 10.1, one deduces automatically R¢, < 0 at the boundary, equivalently
r’(a) > 0; therefore the hypothesis ¢, > 0 implicitly provides the strict monotonicity of r(a),
which is posed as the open Question 6.3 of [17].

10.3. Final status of the Medvedev conjecture.

Theorem 10.5 (Final reduction of the Medvedev conjecture). Let A, > 1 be the value of
Theorem 9.6. Then:

(1) For a € (1/2,1], the strong Medvedev conjecture (7) is equivalent to the geometric in-
equality ¢q(s) > 0 on [0,s0(a)], and, by Theorem 11.} (since condition (G) strict is
closed by Theorem 8.17), it is equivalently reformulated as the single one-dimensional
scalar differential inequality

where y(a) := B(so(a))?/K(a)?.

] >0 < (a®—1/4)r'(a) > atanhr(a) < ¢'(a) >0,
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(2) Fora € (1, A,], the strong conjecture is equivalent to the conjunction of the two geometric
mequalities

da(s) >0 Vs e 0,s0(a)], and sinhr(a)>2K(a) strict.

Under the second, the first is equivalent, by Theorem 11.4, to the differential inequality
(47).

(3) For a > A, the strong conjecture is equivalent to the conjunction of
da(s) >0 Vs €|0,s0(a)], sinhr(a)>2K(a) strict, and pg™®(2) > 0.

Proof. The direction < in each case follows by combining: Theorem 10.2 (¢, > 0 and (G) imply
(F")= p2(0) > 0), Theorem 8.5 and Theorem 8.8 (no-kernel of mode 0 even and odd, the latter
under (G)), and Theorem 7.2 ((E)+(F) <= strong conjecture).

For (1), (E) is closed by Theorem 9.4 and (G) by Theorem 8.17; only ¢, > 0 remains. The
scalar reformulation (47) follows from Theorem 11.4 (equivalences (i)« (iii)< (iv)<(v)), valid
under (G) strict, guaranteed by Theorem 8.17. For (2), (E) is closed by Proposition 9.5 on
(1/2, A,] (combined with Theorem 9.6); (G) and ¢, > 0 remain as hypotheses, but under (G)
the second is equivalent to (47) by Theorem 11.4. For (3), all three conditions remain.

For the direction = in (1), if the strong conjecture holds, then nulgp(3,) = 2 implies in
particular the absence of Robin kernel in mode |k| = 0; combined with p§"*"(0) < 0 and
£894(0) < 0 (Theorem 6.1) and indg = 4, 112(0) > 0 follows. By Lemma 10.1 applied to the even
sector, £5"*"(0) < 0 < p§¥*"(0) implies N¢°" = 1, and hence ¢, (the zero-energy even solution)
has no zeros in (0, sg) and has strictly negative boundary defect. Hence ¢, > 0 on the principal
branch. By Theorem 11.4, this is equivalent to (47). The argument is analogous for (2) and
(3). O

11. REDUCTION OF ¢4 > 0 TO A SCALAR INEQUALITY

In this section we show that, under the strict geometric condition (G) sinhr(a) > 2K (a),
the inequality ¢q(s) > 0 on [0, so(a)] is equivalent to the strict monotonicity in @ of the ratio
sinhr(a)/K(a), namely to an explicit one-dimensional scalar differential inequality. The reduc-
tion proceeds in three steps: a constant Wronskian identity (Lemma 11.1), a Sturm separation
argument with the boost field u, (Lemma 11.2) that reduces ¢, > 0 everywhere on the principal
branch to ¢4(so) > 0, and a closed formula for ¢, (sg) (Proposition 11.3) obtained by substituting
the Robin conditions of ¢, and u, into the Wronskian identity.

11.1. Constant Wronskian and Sturm separation.

Lemma 11.1 (Constant Wronskian in self-adjoint form). Let ¢, be the parametric Jacobi field
(Definition 8.1) and u.(s) := —asinh(2s)/B(s) the axial boost field (Lemma 8.7). Both satisfy
Lou = 0, where Ly = —05(B 0s-)/B — (|11|? — 2)- is the radial operator of mode |k| = 0. Then

a
(18)  W(6aua)(s) = Bs) [Ga()ul(s) — 64(s) ua(s)] =~ Vs € [0, s0(a)]
Proof. For two solutions u,v of the Sturm-Liouville equation in self-adjoint form —(Bu')" =
B(|I1]? — 2)u, the weighted Wronskian W (u, v) = B(uv’ — u'v) is constant. Indeed,
a
ds
From the equation, Bu"” = —B'u’ — B(|II|?> — 2)u, and analogously for v. Therefore
B(w" —u"v) = u(—Bv' — B(II* — 2)v) —v(=B"v' — B([I]* - 2)u) = —B'(uw' — u'v),

whence dW/ds = B'(uwv' — u'v) — B'(uwv' — u/v) = 0.
We compute W (g, us)(0). By Lemma 8.2, ¢,(0) = 1/(2K) and ¢/,(0) = 0. For u.(s) =
—asinh(2s)/B(s), ux(0) = 0 and

[B(uv' —u'v)] = B'(w’ — w'v) + B(w" — u"v).

Py e Us(8)  2a
u(0) = == =~y
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where B(0) = y/a — 1/2. Therefore

W (¢a, 1) (0) = B(0) [% : (— B2(‘(‘])) —0. o} - —% 0

Lemma 11.2 (Sturm separation for ¢, and u.). For every a > 1/2, the field ¢, has at most
one zero on the interval (0, sp(a)].

Proof. By (48), W(¢a,ux) = —a/K # 0, so ¢, and u, are linearly independent and constitute
a basis of the space of solutions of the ODE Lou = 0. The field u.(s) = —asinh(2s)/B(s)
is strictly negative on (0, so], since sinh(2s) > 0 and B(s) > 0 for s € (0,s0] (as B(s)? =
acosh(2s) —1/2 > a—1/2 > 0). Therefore u, has exactly one zero on [0, sgl, located at s = 0.

By the classical Sturm separation theorem (a direct consequence of the Sturm comparison
theorem; see, e.g., [4, Ch. 8, Theorem 1.1| with g1 = g¢2), between two consecutive zeros
of one solution there is exactly one zero of every other linearly independent solution. If, by
contradiction, ¢, had two distinct zeros s; < sg in (0, so], then u, would have a zero in (s1, s2) C
(0, s0), contradicting u, < 0 on (0, sg. O

11.2. Closed formula for ¢,(sg).

Proposition 11.3 (Closed identity for ¢4 (sg)). For every a > 1/2 with B(so(a))? # 2K (a)?,
the identity

_ a[K(a)*r'(a) sinh(2so(a)) — B(so(a))?]
(49) Pa(s0) = K (a)[B(so(a))? — 2K (a)?]

holds. Equivalently, using the identity cothr(a) = asinh(2s¢(a))/B(so(a))? (Lemma 2.5),

B(s ) [ (a) r’(a) cothr(a) — ]
(a) [B(so(a))? —QK(G)2] '

Proof. We evaluate the Wronskian identity (48) at s

(51) a(s0) u(s0) — B (s0) ux(s0) = —

(50) Pa(s0) =

a
K B(So) '
We introduce the Robin conditions. By Lemma 8.7, Ru.(so) := u/,(sg)— coth r(a)-us(sg) = (B2~
2K?%)/B3. By Lemma 8.3, Rp,(s0) := ¢/,(s0) —cothr( ) - Pals ) =—r )ﬁ5|8 = —r'(a)- K/B2
Substituting u/ (so) = Rus + cothr - u.(so) and ¢, (so) = Roq + cothr - ¢g(so) in (51),

a
B
The terms in coth 7 cancel (they amount to cothr - ¢, (so)us(s0) —cothr - g (so)ux«(so) = 0), and
we obtain

$a(s0) [Rus + cothr - u,(so)] — [Rda + cothr - da(so)]ux(so) = —

(52) a(50) Ruse(50) = Roals0) ua(s0) = ~ g
Substituting Ru, = (B? — 2K?)/B3, R, = —r'(a)K/B?, and u.(sg) = —asinh(2s¢)/B,
bals0) - B2 ;332[(2 N r’(;gK ' (_asinl;@so)) _ _;B'
Multiplying both sides by B3,
ba(s0)(B? — 2K?) — 1/(a) aK sinh(2sq) = _a]]?.

Isolating ¢, (sg) (under the assumption B? # 2K?),

—aB?/K +7'(a) aK sinh(2sg)  a[K?r'(a)sinh(2s¢) — B?]

Pa(s0) = B? — 2K? - K(B? — 2K?) ’
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which is (49). To obtain (50), we use cothr = asinh(2s¢)/B2, namely asinh(2sg) = B?cothr;
substituting sinh(2sg) = B2 cothr/a,
B2 cothr B?

— B?> = —[K?/'(a) cothr — a],

Kzr’(a) sinh(2sg) — B? = KQT'/(CL) .
a a

whence ¢4 (s0) = B2[K?r'(a) cothr — a]/[K (B? — 2K?)]. O
11.3. The scalar equivalence.

Theorem 11.4 (Reduction of ¢, > 0 to a scalar inequality). Let a > 1/2 and assume the strict
condition (G) B(so(a))? > 2K (a)? (equivalent to sinhr(a) > 2K (a), Proposition 8.10). The
following are equivalent:

(1) ¢pa(s) >0 for every s € [0, so(a)];
(i) ¢a(so(a)) > 0;
(iii) K(a)?r'(a) cothr(a) > a, namely (a®> — 1/4)r'(a) > atanhr(a);

)
)

(v) 4 | M) > 0;
)

Proof. For (i)=-(ii), the implication is trivial.

For (ii)=(i), by Lemma 8.2, ¢,(0) = 1/(2K) > 0. By Lemma 11.2, ¢, has at most one zero
in (0, sp]. If, by contradiction, ¢, had a zero s; € (0, sp), with ¢, continuous, ¢,(0) > 0, and
®a(s0) > 0 by hypothesis, then ¢, would have to cross zero at least twice (entering and leaving
the negative half-plane), contradicting Lemma 11.2. Therefore ¢, > 0 everywhere on [0, so]. (If
¢q had exactly one zero s1 € (0, sg), then ¢, would change sign at s1; assuming ¢,(0) > 0, we
would have ¢, < 0 on (s1, sp], contradicting ¢,(sg) > 0.)

For (ii) <= (iii), by Proposition 11.3, formula (50), under (G) (positive denominator) the
sign of ¢, (s0) coincides with that of K?r'(a)cothr — a. The second form of (iii) is obtained by
multiplying by tanhr.

For (iii) <= (iv), set M (a) := log[sinhr(a)/K (a)] = logsinhr(a) — § log(a? — 1/4). Differen-
tiating with respect to a (r(a) is a real-analytic function of a by [17, Thm. 1.2]),

a a
cothr — —

M'(a) = 7'(a) cothr(a) — 174 =1/(a) Pk

Multiplying by K2 > 0,
K?M'(a) = K*r'(a) cothr — a.
Hence M'(a) > 0 <= K?r'(a)cothr > a. Moreover (sinh7/K)(a) > 0 <= M'(a) > 0
(since log is strictly increasing for positive values).
For (iv) <= (v), from the geometric identity sinh?r = B*/(B? — K?) (Proposition 8.10,
evaluated at s = sg), set y := B(sg)?/K?2. Then
(Sinhr B* (K?2y)? s

2
(53) K ) T K2(BP—K?)  K:K?y—K?) y—1

namely sinhr/K = y/\/y — 1 (for y > 1, guaranteed by B? > K?2, which is implicit in (G)
strict). The function h : (1,00) — (0, 00) defined by h(y) := y/+/y — 1 has derivative

W (y) = Vy—1-y/vy—-1) _20y-1) -y _ y—2

y—1 20y —1)%2  2(y —1)%%
strictly positive for y > 2. Condition (G) strict is equivalent to y > 2. Therefore, under (G),
sinhr/K is a strictly increasing function of y, hence (sinhr/K)'(a) >0 < ¢'(a) > 0. O

11.4. Closed identity ¢4(so) = c¢(a)-H'(a). Combining the closed formula for ¢, (sp) (Proposi-
tion 11.3) with the computation of H'(a) obtained at step (iii) <= (iv) of Theorem 11.4, we ob-
tain an explicit identity that algebraically links ¢, (so) and H'(a), where H(a) := sinhr(a)/K(a).
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Theorem 11.5 (Closed identity ¢,(so) <+ H'(a)). For every a > 1/2 with B(so(a))? # 2K (a)?,

the closed identity
B(so(a))? - K(a)? , sinhr(a)

54 a = - H'(a), H(a) := ———,

(54 a(s0(a)) (B(s0(a))? — 2K (a)2) - sinh(a) (@) (@)= —Fa)

holds. In particular, under the strict condition (G) B(so)? > 2K?, the multiplicative factor in

front of H'(a) is strictly positive, and hence ¢q(so) and H'(a) have the same sign for every

a > 1/2 at which (G) holds strictly.

Proof. We start from the cothr form of Proposition 11.3, equation (50):
B(s0)?[K?r'(a) cothr(a) — a]

K(a)[B(s0)? — 2K (a)?]
From the proof of (iii) <= (iv) of Theorem 11.4, the pointwise differential identity

¢a(30) =

dia log H(a) = dia logsinhr(a) — % log K (a) = r'(a) cothr(a) — Kfa)Q
holds. Multiplying by K (a)?,
(55) K(a)*- 1;;((5)) = K(a)?r'(a) cothr(a) — a.
Substituting (55) in the formula for ¢4(so),
B(sp)? - K(a)* - H'(a)/H(a) B(s0)*K (a)H'(a)

Pa(s0) = K(a)[B(s0)2 — 2K (a)?] - H(a)[B(s0)? — 2K(a)?]

Using 1/H (a) = K(a)/sinhr(a),

B(s0)? K (a)*
B(s0)? — 2K (a)?] sinhr(a)

ba(s0) = [ ) H,(a)>
which is (54).

Under (G) strict, B(sg)? — 2K (a)? > 0; moreover B(sg)? > 0, K(a)? > 0, sinhr(a) > 0 (since
r(a) > 0 for a > 1/2). Therefore the factor B2K?/[(B? — 2K?)sinh ] is strictly positive, and
sgn ¢q(so) = sgn H'(a). O

Remark 11.6 (Significance of identity (54)). Identity (54) is the most condensed form of the
equivalence (ii) <= (iv) of Theorem 11.4: instead of a chain of implications through steps (iii)
and (v), one has a pointwise closed algebraic identity valid for every a > 1/2. Moreover: (a)
the identity is an explicit manifestation of Green/Robin duality, in that the Robin defects of ¢,
(linked to ') and of u, (linked to B? —2K?) combine in the Wronskian identity at so to produce
¢a(s0) in terms of the logarithmic derivative H'/H; (b) the verification of the strong Medvedev
conjecture for a € (1/2,1] is now reduced, in a purely algebraic way, to H'(a) > 0, namely
sinhr/K strictly increasing; (c) the identity provides a double strategy: proving ¢4(sg) > 0
via direct geometric techniques (e.g. transversality arguments on the Mori family) translates
immediately the positivity into H'(a) > 0, and conversely.

11.5. Closed form of the asymptotic coefficient of H' as a — (1/2)" and analytic local
closure. In this subsection we prove that the asymptotic coefficient of H'(a) as a — (1/2)"
admits an explicit closed form in terms of o, and that this coefficient is strictly positive. This
analytically closes the inequality H'(a) > 0, equivalently ¢, > 0 on [0, sp(a)], and hence the
strong Medvedev conjecture, on a right neighborhood of a = 1/2.

Lemma 11.7 (Real-analytic dependence on the degenerate parameter). Let p := /a —1/2.
The map a — H(a) = sinhr(a)/K(a) extends to a real-analytic function of p*> = a —1/2 in a
right neighborhood of p = 0. In particular, H(a) admits a convergent Taylor series in a —1/2 in
some interval (1/2,1/2 +n), and consequently H'(a) admits a Taylor expansion with the same
radius of convergence, term-by-term differentiable; in particular lim,_, j2)+ H '(a) exists.
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Proof. Set p := \Ja—1/2, £ := s/p, and y(a) := sp(a)/p. We first derive a real-analytic
equation for &y as a function of p?. The functions A(s)? = acosh(2s)+1/2, B(s)? = acosh(2s)—
1/2, K(a)? = a®—1/4, cosh(2s), sinh(2s) depend on p only through p? (since a = 1/2+ p?), and
substituting s = p& they become jointly real-analytic in (&, p?) in a neighborhood of (sinh o, 0).

Both sides of the FBC tanh ¢(sg;a) = B(sp)K/[asinh(2sg)] vanish to first order in p at
p = 0: indeed, by the substitution ¢ = p7 in the defining integral of ¢ and the expansion

K/[A?B] = 1/[pV1+72] - (1+ O(p?)),

s K €o 1 2 . 3
©(s0) = /0 U= /0 Jiro dr-p-(1+0(p”)) = parcsinh(&o) + O(p”),

whence tanh ¢(so) = parcsinh(&) + O(p?). For the RHS, using K = py/1 + p? and sinh(2sg) =
2p€o + O(p*), and writing B(so) = p\/1+ &5 + O(p*) (from B(s)* = p*(1 4 &) + O(p")),
B(SO)K _ pz\/(l + 5(2))(1 + p2) + O(p4) =p- V 1 ‘1‘5% . (1 + O(p2))
a sinh(2sg) a-[2p& + O(p3)] 2a&y ’
where the inner factor v/1+ &3/(2a&p) - (1 4+ O(p?)) is real-analytic in (£, p?) on the relevant

neighborhood (since & is bounded away from 0 near sinho, > 0, and a = 1/2 + p> > 0).
Dividing both sides of the FBC by p, we obtain a real-analytic relation

Fléo,p ) tanh ¢(so; a )_ B(sg)K

p ap sinh(2sp)
in a neighborhood of (sinh 04,0).
The limit equation at p? = 0 is arcsinh(&) = /1 + {0 /&0, namely the transcendental equation
of [17, Remark 1.4], with unique positive root & = sinh o, where o, = cotho,. The associated

map P(&y) := arcsinh(§p) — /1 + 50/50 has derivative

VA
«/1+§0 £2\/1+ & &

(direct computation), hence O¢, F (sinh oy, 0) = ®'(sinh o) # 0.

By the analytic implicit function theorem (cf. [13]), there exists n > 0 and a unique real-
analytic function & = &(p?) on [0,7) with F(&(p?), p?) = 0 and &y(0) = sinh o.. Equivalently,
&o is real-analytic in a — 1/2 on [0,7), and so(a) = p&o(a — 1/2) is real-analytic in p and odd in
p.

=0

>0

(&) =

By Proposition 8.10, sinh? r(a) = B(so)4/(B( 0)? — K?). Write B(s0)? = p?B(p?) and
Bso)? ~ K = D(?). where B(?) = (1 &5 ) + 0(s?) and D(s?) = &a(s")? + O(?) are
real-analytic in p? on [0,7), with B(0) = cosh? 7, > 0 and D(0) = sinh® o, > 0. Then

4 B(p2 B(p2)2
sinh? r(a) = PB) 2. BU 1) Gla—1)2),
p*> D(p?) D(p?)
where G(p?) := B(p?)2/D(p?) is real-analytic in p2 on [0,7) for some 1 € (0, 7] (ratio of analytic
functions with nonzero denominator at p> = 0), with G(0) = cosh? 0,/ sinh? o, > 0. Taking the
positive square root (well-defined since G > 0 near p2 = 0)

sinhr(a) =p- /G

which is real-analytic in p and odd in p.
Since K (a) = p\/1+ p? is real-analytic in p and odd in p, the ratio

Hia) = sinhr(a) _ p/G(p?) _ [G(p?)
K(a) — py/14+p2 | 140

is real-analytic in p?> = a — 1/2 on [0,7'), with H(0) = 1/G(0) = cosh? o,/ sinh o, = 0, cosh o,
(using oy sinho, = cosho). The conclusions on H'(a) and on lim,_,(;9y+ H'(a) follow from
term-by-term differentiation of the convergent Taylor series. O
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Theorem 11.8 (Closed form of the asymptotic coefficient). Let o, > 0 be the unique positive
root of o = cotho. Then the function H(a) := sinhr(a)/K(a) admits the asymptotic expansion

(56) H(a) = o, cosho, + Cy(a—1/2) + O((a — 1/2)?) (a — (1/2)T),
where the coefficient Cy admits the closed form

o cosh o, (sinh2 o —1)(3 sinh? o, — 2)
12 sinh? Oy

(57) Co=H'((1/2)") = > 0.

Equivalently, g(a) := K(a)?r'(a) — atanhr(a) has the asymptotic
g(a) = Co(a—1/2)*? + 0((a = 1/2)>?)  (a— (1/2)7).
Proof. We first expand sg(a) to second order. Let p := y/a —1/2 and & := s/p. Expanding in
P,
B(s)* = pP*(1+&) +p" (€ /3+28)+ 0%, Als)* = 1+p°(1+€) +p" (267 +€"/3)+ O(0"),

K(a) = pv/1+ p? = p(1+p*/2+ O(p")).

Let &(a) := so(a)/p, with expansion & = sinh o, + & p% + O(p*) (the parity in p follows from

the fact that the FBC is a function of p?> = a — 1/2). The FBC
B(s0) K(a)

h(so;a) =
tanh ¢(so;a) asinh(2s)

expanded to O(p?) yields

PO + p3 [{1/ cosho, + I, — 03/3] = pos + ,030* [gg)) — g((lo) + &1 (sinh o,/ cosh? o, — 1/ sinh a*)],

whence, isolating the coefficients of p? and solving for &,

(sinh? o, — 1)(sinh? o, — 4)(sinh? o, 4 1)
12sinh? o, - 0, cosh o,

(58) §1=

where gg) = 1/2 + sinh? o, (sinh? o, + 6)/[6 cosh? o], g((zo) = 2sinh% 0, /3 + 2, and

o 7cosh o + cosh?o — 5 1 7 10
59 I = — d :—7[9 L ginn(2 —7].
(59) ' /0 6 cosh? o ’ 12 ot 9 o (20) 04

The computation of I, uses the substitution n = sinho in fosmh 7 f(n)/\/1+ n?dn, where
f(n) = —(3+15n+7n*)/[6(1+n?)] is the coefficient of p? in the expansion of K (a)/[A(s)?B(s)]-p.
We now expand H (a) = sinhr(a)/K(a). From sinhr = B?/v/B2 — K2, expanding numerator

and denominator to O(p*) and dividing by K = p\/1 + p?,

H(a) = o, cosho,[1+ p*(B1/ cosh? o, — g — 1/2) + O(ph)],
where 87 = 2sinho, & + sinh? 0./3 + 2sinh? o, and o = &1/sinho, + sinh? 0./6 + 1 —
1/(2sinh? o).

We now compute the coefficient. Setting s := sinh? o, the coefficient of &; in b1/ cosh? o, — vy
equals (s — 1)/[sinh o (s + 1)]. Using the identity sinh o, - o cosho, = cosh? o, = s + 1 (from
oxsinh o, = cosho,),

s—1 - (s—1)%(s—4)(s+1) (s—1)%(s—4)
' sinh o.(s+1) 12s(s+1)-sinho, -oxcosho,  12s(s+ 1)

Adding the non-¢; part (which, after reduction to a common denominator, equals (s + 552 —
35+ 3)/[6s(s + 1)], equivalently 2(s® + 552 — 35 + 3)/[12s(s + 1)]) and subtracting 1/2 = 6s(s +
1)/[12s(s + 1)],

(s—1)%(s —4) +2(s® + 5s* =35+ 3) —6s(s+1) 35> —2s% — 35+ 2

hlo,—a;—1/2 = =
fr/ cosh”on—an =1/ 125(s + 1) 125(s + 1)
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The factorization 3s3 — 2s% — 35 +2 = (s — 1)(3s — 2)(s + 1) (verified by inspection at s = 1 as
a root, and polynomial division for 3s% + s — 2 = (35 — 2)(s + 1)) yields

s (s —=1)(35—2)
pi/cosh®o, —a; —1/2 = BT e
Therefore p ( \( )
, o d _ (5= 1)(3s — 2
H'((1/2)7) = daH(a) 2 o« cosh o, BTy

which is (57).

We now verify the positivity of Cy. We need s > 1 (namely sinho, > 1) and s > 2/3. The
second follows from the first. For s > 1, this is equivalent to o, > arcsinh(1) = log(1 + v/2).
Set F(o) := o — cotho, strictly increasing on (0,00) (since F'(o) = 1 + csch?s > 0). From
F(o.) =0 and

F(log(14v2)) =log(1+Vv2) —v2 <0
(using the classical inequality log(1 + z) < z for z > 0, with 2 = v/2, giving log(1 +v/2) < v/2),
we deduce log(1 4+ v/2) < o, by strict monotonicity of F, hence sinh o, > 1, and Cy > 0.

Finally, the asymptotic of g(a) follows from the closed identity of Theorem 11.5 (rewritten as

K?r'coshr — asinhr = K3H'):

o(a) = K%' — atanhr = K?r' coshr — asinhr _ K?’H’(a).

coshr coshr(a)
Asa — (1/2)7: K ~ \/a—1/2, K* ~ (a —1/2)%/?, coshr — 1. By Lemma 11.7, H'(a) has
a convergent Taylor expansion with H'(a) = Cy + O(a — 1/2) as a — (1/2)*, in particular
H'(a) — Cy. Combining, g(a) = K3H'(a)/ coshr(a) ~ Co(a — 1/2)3/2, O

Corollary 11.9 (Analytic local closure of (F')). There exists g > 0 such that, for every a €
(1/2,1/2 + &)
(a) H'(a) >0, namely (sinhr(a)/K(a)) > 0;
(b) ¢a(s) >0 for every s € [0, s¢(a)];
(¢) Condition (F')= {u2(0) > 0} is satisfied;
(d) The strong Medvedev conjecture (7) holds, namely ind(¥3,) = 4 and nul(X,) = 2.

Proof. For (a), by Theorem 11.8, H'((1/2)") = Cy > 0, where H'((1/2)") denotes the right
derivative of H at a = 1/2. By Lemma 11.7, H is real-analytic as a function of a —1/2 on [0, 7)
for some 1 > 0, hence H'(a) is continuous on [1/2,1/2+n) with H'(1/2) = Cy. By the continuity
of H', there exists dy € (0, min(n, 1/2)) such that H'(a) > Cp/2 > 0 for every a € (1/2,1/2+ ).

For (b), by Theorem 11.4, under (G) strict (Theorem 8.17 with §yp < 1/2), H'(a) > 0 <—
¢a > 0 on [0, sgl.

For (c), by Theorem 10.2, ¢, > 0 = p2(0) > 0.

For (d), by the final balance of Theorem 10.5, in (1/2,1] all other prerequisites are already
closed analytically (the closure of (G) in Theorem 8.17, and of (E) in Theorem 9.4); the unique
residual (F') is now closed by (c). Therefore the strong Medvedev conjecture holds. (]

Remark 11.10 (Toward global closure). Corollary 11.9 closes the conjecture on (1/2,1/2 4 d)
via a purely analytic argument. The closure on the whole interval (1/2,1] (and beyond) reduces
to the strict positivity of H'(a) in the intermediate regime, and may be pursued analytically
via the following three-step program: (i) (analytic near a = 1/2) by Corollary 11.9, there
exists 09 > 0 with the conjecture closed on (1/2,1/2 + ¢&p), and an explicit estimate of the
term O((a — 1/2)°/?) in (56), obtainable from a third-order expansion of H(a), provides an
explicit quantification of dg; (ii) (analytic on the compact intermediate set [1/2+ dp, A]) the real-
analyticity of H'(a) on this compact set, together with transcendental concavity or convexity
arguments analogous to those used in Theorem 8.17 for condition (G), provides a candidate
analytic route to establish H'(a) > 0; (iii) (analytic as a — oo) by Proposition 11.11, H'(a) —
e /(4y/a) > 0 asymptotically, with polynomial convergence rate, and an explicit error estimate
provides Ao such that H'(a) > 0 analytically for a > A. Combined, (i)—(iii) would close the
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strong Medvedev conjecture for every a € (1/2,A,] via purely analytic means, modulo the
closure of (E) for a > A, (Section 9).

11.6. Asymptotic behavior of y(a). Having established the equivalence between ¢, > 0 and
y'(a) > 0 under (G), we study the asymptotic behavior of y(a) at the endpoints of the domain.
Proposition 11.11 (Asymptotic as a — 00). As a — o0,

2deo

e 2doo
(60) y(@) = ——a+0(1),  y(a) =

4
where doy = log[v/2T'(1/4)%/7%/2] = log[2v/2n /T'(3/4)?] is the asymptotic constant of the radius
from [17].

Proof. By |17, Thm. 1.2], r(a) = (3/2)loga + dos + 0(1) as a — oo. Hence sinhr(a) =

e

> 0,

(er(@) — e=m@) /2 ~ (@) /2~ ¢3/2ed~ /2. Moreover K(a) = /a2 —1/4 ~ a. From (53),
y?/(y — 1) = (sinhr/K)? ~ a - €?¥> /4, and for y — oo we have y?/(y — 1) =y + 1 + O(1/y),
whence y(a) ~ ae?@> /4. Differentiating the asymptotic expansion, y'(a) — e2¥= /4 > 0. O

Proposition 11.12 (Asymptotic as a — (1/2)T). Let ox > 0 be the unique positive root of
o = cotho (¢f. Remark 1.4 of |17]). Asa — (1/2)7,

(61) y(a) — cosh? o, = 1 +sinh? o,
and in particular y(a) > 2 uniformly in a right neighborhood of a = 1/2.
Proof. We first analyze the behavior of sq(a). Expanding cosh(2t) = 1 + 2t2 + O(t*) as t — 0,
A? = (a+3)+2at> +O(tY),  B(t)* = (a—3) +2at* + O(t*).
As a — (1/2)%, we introduce the rescaling 7 := t1/2a/(a — 1/2), namely t = 7+/(a — 1/2)/(2a)
and dt = \/(a — 1/2)/(2a) dr. Then
Bt))=(a—1/2)(1+7%) +0((a—1/2)%),  A{t)* = (a+1/2)+O(a —1/2),
and K(a) = v/(a —1/2)(a + 1/2). The integral of ¢ at leading order is

[0 K [ \/(a—1/2)(a+1/2) a—1/2
S0(80)_/0 AZBdt_/o (a+1/2)\/a—1/2\/1+7-2. 2a dr (1+0(1))

a— 1/2 .
_ Sala T 1/3) arcsinh(7) (1 + o(1)),

where 79 := so(a)\/2a/(a — 1/2). As a — (1/2)" the factor \/2a(a + 1/2) — 1, hence ¢(sg) =
va—1/2-arcsinh(7y) + o(/a — 1/2).

We now derive the asymptotic form of the FBC. From the FBC tanh ¢(sg) = B(so) K /[a sinh(2sg)]
we have (i) tanh ¢(sg) = ¢(s0) + O(¢®) = \/a — 1/2 - arcsinh(rg) + o(y/a — 1/2), (ii) B(so) =
V(e —1/2)(1 + 18)+o(y/a —1/2), (iii) K(a) = \/a — 1/2+0(y/a — 1/2), and (iv) asinh(2s¢) =
2as0 + O(s3) = 2a - 19+/(a — 1/2)/(2a) + o(y/a — 1/2) = 19y/2a(a — 1/2) + o(y/a — 1/2). The

FBC at leading order becomes

o 1/2-arcsinh(r) = V0e-1/2)(0+15)-Va-1/2 _ (a—1/2)\/1+75 _ \/(a—1/2)(1+7—3).

104/ 2a(a —1/2) To/2a(a — 1/2) B T0V2a
Dividing both sides by /a — 1/2 and taking the limit a — (1/2)* (where v2a — 1),
/1 2
(62) arcsinh(ry) = ﬁ.
70

This is exactly the transcendental equation of [17, Remark 1.4], which uniquely characterizes
To — px = sinh oy as a — (1/2)7.
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For the limit of y(a), from s2 = 72 - (a — 1/2)/(2a), hence s%/(a — 1/2) = 78/(2a) —
sinh? o, /1 = sinh® o, as a — (1/2)*. Therefore
B(s0)? (a—1/2) + 2ast + O(s}) 1 2a s
W)= = = et 12)  axi axip a-13
Asa— (1/2)7: 1/(a+1/2) = 1, 2a/(a +1/2) = 1, s3/(a — 1/2) — sinh? .. Thus

yla) = 1+ sinh? o, = cosh? o,.

o(1).

For the inequality cosh? o, > 2, the function F(o) := o — coth o is strictly increasing on (0, c0)
(Remark 1.4 of [17]). At og := arcsinh(1), sinhog = 1, cosh g = v/2, hence coth oyp = /2 and
F(00) = 00 — V2. We show a9 < V2 (and hence F(op) < 0). From o¢ = log(1 + /2) and the
inequality log(1 + z) < x valid for every = > 0, og = log(1 + v/2) < v/2; the inequality is strict
for x > 0, hence og < /2. Therefore F(0cy) < 0 = F(0,), and by strict monotonicity of F,
oy« > 09, whence cosho, > coshoy = V2 and cosh? o, > 2. O

Remark 11.13 (Status of the problem ¢/(a) > 0 in light of the local closure). The validity
of y/(a) > 0 for every a > 1/2, equivalently (sinhr/K)" > 0, equivalently (a? — 1/4)r'(a) >
atanhr(a), is now partially closed analytically. (1) For a € (1/2,1/2 4 d9) with 6y > 0, the
inequality y'(a) > 0 is proved analytically (Theorem 11.8 together with Corollary 11.9), via the
closed form of the linear coefficient Cy = o, cosh o (sinh? o, — 1) (3 sinh? o, —2) /(12 sinh? o,,) > 0.
(2) As a — oo, analytic asymptotic validity holds (Proposition 11.11). (3) For the intermediate
regime [1/2 4+ dg, A] with A > 1/2 4+ 4y finite, the question remains formally open as an analytic
problem. Its complete resolution would require (a) an explicit quantification of dy via control
of the remainder O((a — 1/2)%/2) in (56) (third-order expansion), and (b) the analytic closure
on the compact set [1/2 + dp, A] via transcendental concavity arguments analogous to Theorem
8.17 for (G). (4) The strict monotonicity of r(a) on (1/2,00) is posed as the open Question
6.3 of [17]; in our setting it is not assumed but rather follows as a corollary on the regimes
where y'(a) > 0 is established. Indeed, by the equivalence (iii) <= (iv) of Theorem 11.4,
y'(a) > 0 <= K(a)*'(a)cothr(a) > a, which implies 7/(a) > atanhr(a)/K(a)? > 0. In
particular, Corollary 11.9 provides the strict monotonicity of r(a) on (1/2,1/243dp) as a corollary
of the analytic local closure, giving a partial affirmative answer to Question 6.3 of [17] on this
regime.

12. DISCUSSION

We summarize the status of the Medvedev conjecture (6) and of its strong form (7) in light
of this paper. The lower bound indr > 4 is proved explicitly in Theorem 6.1 via four ex-
plicit test functions ®°, &', 2 &3 obtained from the Lorentz ambient coordinates, providing
an alternative elementary proof of Medvedev’s result [15]. Mode |k| = 1 is closed in [17]
with indpg !1 = nulp ‘1 = 2. The odd radial sector of modes |k| > 2 is closed in Theorem
4.1 (ued(k) > 0 for every n > 0). For the even radial sector of modes |k| > 2, condition
(E)= {p§"(2) > 0} is proved unconditionally for a € (1/2,1] (Theorem 9.4), and via explicit
Hardy estimates (Proposition 9.5) combined with a continuity argument, we establish the exis-
tence of A, > 1 such that (E) holds on (1/2, A.] (Theorem 9.6); the analytic closure of (E) for
a > A, remains an open problem. In mode |k| = 0, the no even kernel is closed in Theorem 8.5 un-
der 7/(a) # 0, and under the hypothesis ¢, > 0 of Theorem 10.2, r'(a) > 0 follows automatically
(Remark 10.4), so the even-kernel closure of (F) is reduced to the same unified hypothesis. The
no odd kernel is closed in Theorem 8.8 under the strict geometric inequality sinhr(a) > 2K (a)
(equivalent to (30) by Proposition 8.10); the non-strict form sinhr(a) > 2K (a) holds uncondi-
tionally (Proposition 8.10), and the strict version is proved analytically for a € (1/2, 1] (Theorem
8.17) via an FBC reformulation and the concavity of a transcendental function, and asymptoti-
cally as a — oo (Remark 8.12); for a € (1, 00) outside the asymptotic range, the problem remains
formally open. The condition p2(0) > 0 (denoted (F’)) is reduced in Theorem 10.2 (Section 10)
to the single geometric inequality of positivity of the parametric Jacobi field ¢, on the princi-
pal branch, ¢4(s) > 0 for every s € [0, so(a)], via a Sturm shooting count argument combined
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with the classical interleaving between eigenvalues of parity sectors. In Theorem 11.4 (Section
11), ¢q > 0 is further reduced, under (G) strict, to the one-dimensional scalar differential in-
equality (sinhr(a)/K(a)) > 0, equivalently (a? — 1/4)7'(a) > atanhr(a), or y/(a) > 0 with
y(a) := B(so(a))?/K(a)?. This strict monotonicity is proved analytically on a right neighbor-
hood (1/2,1/2 + dp) via the explicit closed form of the asymptotic coefficient Cyp > 0 (Theorem
11.8 and Corollary 11.9); it is moreover established asymptotically as a — oo (Proposition 11.11),
while its validity on the intermediate regime [1/2 + dp, 1] remains formally open.

The principal analytic contribution of this paper is sixfold. (i) The closure of the no-kernel
part of (F) in mode |k| = 0, both even (under r'(a) # 0, reduced to ¢, > 0, see (iv)—(v)) and
odd (under (G)), via the Green/Robin duality of Remark 8.4: Jacobi fields u that are not Robin
but with explicitly computable Robin defect Ru (here, —1’(a)k for ¢, and a(cosh(2sg) —2a)/B?3
for u,) are paired with a putative Robin Jacobi field ¢, and the equation S(u,v) = ¢4 Ru =
0 forces v to vanish on 0, whence vy = 0 by Cauchy uniqueness. (ii) The analytic closure
of (G) for a € (1/2,1] (Theorem 8.17) via the concavity of a transcendental function. (iii)
The partial closure of (E) for a € (1/2,A,] via the second Picone identity with base B(s)
(Lemma 9.3) and explicit Hardy estimates (Proposition 9.5). (iv) The reduction of (F’) to
¢a > 0 via the Sturm shooting count (Lemma 10.1), which unifies the requirement ’(a) # 0 of
Theorem 8.5 with the parametric positivity hypothesis. (v) The further reduction of ¢, > 0 to
a scalar differential inequality (Theorem 11.4), via the constant Wronskian W (¢q, us) = —a/K
(Lemma 11.1), Sturm separation (Lemma 11.2), and a closed formula for ¢4(sg) (Proposition
11.3); combined with the geometric identity sinh®r = B*/(B? — K?) (Proposition 8.10), this
yields the equivalence with the strict monotonicity of sinhr(a)/K(a). An equivalent compact
form is the closed identity ¢4(so) = c(a) - H'(a) with H(a) := sinhr(a)/K(a) and ¢(a) > 0
(Theorem 11.5). (vi) The analytic local closure of the strong Medvedev conjecture (Corollary
11.9) via second-order asymptotic expansion of H(a) as a — (1/2)" and the explicit closed form
of the coefficient Cy > 0 (Theorem 11.8). In particular, there exists 09 > 0 such that ind(X%,) = 4
and nul(X,) = 2 for every a € (1/2,1/24¢y), in a purely analytic manner, resolving Medvedev’s
Morse index conjecture on this regime.

We summarize the final status. Combining all the results of this paper (Theorem 10.5 and
Corollary 11.9), for a € (1/2,1/2 + ép) with dp > 0 the strong conjecture (7) holds analytically
(Corollary 11.9), as a consequence of the positivity Cy > 0 of the linear coefficient of H(a) =
sinhr(a)/K(a) as a — (1/2)*. For a € [1/2 + &, 1], the strong conjecture is equivalent, under
(G) (closed analytically in this regime by Theorem 8.17), to the single one-dimensional scalar
differential inequality

For a € (1, A,], the strong conjecture is equivalent to the conjunction of ¢, > 0 on [0, so] and
sinhr(a) > 2K (a) strict; under the latter, the former is equivalent to the aforementioned scalar
differential inequality. For a > A,, the strong conjecture is equivalent to the conjunction of
¢a > 0 on [0, sp, sinhr(a) > 2K (a) strict, and p§’"(2) > 0.

We outline analytic strategies for the resolution of the residual conditions. For the global
closure of the intermediate regime [1/2 + o, 1], as outlined in Remark 11.10, two analytic in-
gredients would suffice: (i) an explicit estimate of the remainder O((a — 1/2)%/?) in expansion
(56) (via third-order asymptotic computation) provides an explicit quantification of dg; (ii) for
a € [1/24 6o, 1], the strict positivity H'(a) > 0 on the compact intermediate interval would follow
from transcendental concavity arguments analogous to those used in Theorem 8.17 for condition
(G), or from a sharp analytic bound on the auxiliary function H'(a). The combination (i)-(ii)
would constitute a complete analytic proof in the regime a € (1/2,1]. For the strict inequality
sinhr(a) > 2K (a) on all of (1/2,00), Theorem 8.17 closes the problem for a € (1/2,1]; for
a > 1, the study of the function g(a) := B(so(a))? — 2K (a)? (nonnegative by Proposition 8.10,
positive in the limits) would require implicit differentiation of the FBC and non-local analysis of
so(a). A possible route is to extend the upper bound on tanh ¢(s*;a) (Lemma 8.15) with refined
a-dependent constants, or to use a continuity argument starting from Theorem 8.17. For the

] >0, equivalently (a®—1/4)7'(a) > atanhr(a).
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closure of (E) in the regime a > A, an alternative Hardy estimate or a different spectral tech-
nique would be needed: the asymptotic saturation of conditions (43) indicates that the present
Hardy estimate with base B is not optimal for large a, and a different choice of base or a sharp
variational argument could close the gap. Finally, an extension of the techniques of Tran [21]
(Dirichlet-to-Neumann map) and/or Devyver [6] to the hyperbolic parameters could be pursued,
exploiting the additional timelike coordinate ®° with dual BC, and the structure [II|*?B* = 2K?
of Lemma 2.2.

APPENDIX A. EXPLICIT COMPUTATIONS FOR THE ASYMPTOTIC COEFFICIENT (Y

This appendix provides the detailed asymptotic expansions and algebraic manipulations un-
derlying Theorem 11.8. Throughout, we use p := \/a — 1/2, £ :== s/p, and o, > 0 is the unique
positive root of ¢ = cotho (Remark 1.4 of [17]), so that o,sinho, = cosho,, equivalently
cosh? o, = o, sinh o, - cosh o,. We write s := sinh? o, for brevity in the algebraic identities.

A.1. Expansions of the parametric quantities. From A(s)? = acosh(2s) + 1/2, B(s)?

acosh(2s) —1/2, K(a) = \/a? —1/4, and a = 1/2 + p?, with s = p¢, expanding cosh(2pf) =
142976 + p*(2/3)€* + O(p°),

B(s)? = (1/2+ p*) [1 4+ 20%¢% + (2/3)p"¢* + O(p%)] — 1/2
=2 (1+€) +p' (€3 +26%) + O(p°),
A(s)* = B(s)? + 1 =1+ p*(1 + &) + p*(£"/3+ 26%) + O(p°),
K(a) = pV/1+4p? = p(1+p*/2 = p*/8+ O(p°)).
Note that B? = p?(1 + £2)[1 + O(p?)] so B = p\/1 + &2[1 + O(p?)] as p — 0F.

A.2. Free boundary condition and the coefficient &;. Let y(a) := so(a)/p. The FBC of
the Mori parametrization (cf. Lemma 2.5 and |17, Eq. (3)]) reads

B(s0) K(a)

asinh(2sg)’

where ¢(s;a) = K(a) [y dt/[A(t)?B(t)]. We expand both sides to order p* in p = /a —1/2,
using &(a) = sinh o, + £1p? + O(p*) (the expansion contains only even powers of p because the
FBC depends analytically on a = 1/2 4 p?).
A.2.1. Ezplicit expansion of the right-hand side. We expand each factor of RHS = B(so) K (a)/[a sinh(2sg)]
separately.

Factor B(sp). From A.1, B(sg)? = p*(1 + &) + p*(&5/3 + 2£2) + O(p®), so

4 2
Bl = oy/1+.6 [14 30°Rs(e0) + O0Y)], Rl i= SLH2E

Evaluating Rp at £ = sinh oy, with sinh? o, = s and cosh® o, = s + 1,

Rp(sinh o) = s2/3+ 2s _ s(s+6) _ sinh? a*(sin1212 o4+ 6) .
s+1 3(s+1) 3 cosh” o,

Factor K(a). K(a) = /a2 —1/4 = p\/1+p* = p[l + p?/2 — p*/8 + O(p°)], so the p?
correction is +p%/2.

Factor a. a = 1/2+ p* = 3(1 4+ 2p%), so 1/a = 2(1 — 2p> + O(p*)); the p? correction in 1/a
is —2p2.

Factor sinh(2s). With so = p&o and sinh(2p&o) = 2p&o + 30365 + O(p°) = 2p&o[1 + 2p°E3 +
O(p*)], the p? correction in 1/sinh(2sg) is —%p2§g, which at £ = sinh o, gives —%pQ sinh? o,.

Assembling. Multiplying B(so)K (a)/[asinh(2s0)] and collecting the p? corrections:

pV1+E&
o

tanh ¢(sg;a) =

RHS = 1+ GRs)+ 3 - 2 - 3 )+o0h)

from 1/a
from B from K from 1/ sinh(2s¢)
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Substituting &y = sinh o, + &1p? + O(p*), the prefactor expands as

\/1+§§_\/1+Sinh20*+ 2£i <\/1+§3)+O( 4)_
€& snho, PoSlags lomsinno \ & p=
cosh o, 9 1 cosh o, 4
= — O .
sinh o, 07 (cosh 0«  sinh? 0'*> +0(p7)

Using cosh o,/ sinh o, = 0, (from o, = cotho,), the leading term of the prefactor is o, and the
p? derivative correction equals &0 (sinh o,/ cosh?ca, — 1 /sinhoy) /oy, i.e. & (sinho,/ cosh? o, —
1/sinh oy) times o,.
Collecting all p? contributions at leading order (£, = sinh o), we obtain
RHS = po, + p3a* [gg)) - gC(LO) +& (sinh o/ cosh? o, — 1/ sinh O'*) } + O(p5),
where
sinh? o, (sinh? o, + 6)

6 cosh? o,

gg) = %RB(sinh o«) + % = % +

)

(0) =2+ £ smh2 Ox.

Thus g(O) gC(LO) =14+ ggzi% —o-_Z=-_3_ 254 ggsi%, which by common denominator 6(s+1)

becomes [—9(s+ 1) —4s(s+ 1)+ s(s+ 6)]/[6(5 +1)] = [-9—9s—4s% —4s+ 5% +65]/[6(s +1)] =
(=352 —75—9)/[6(s+1)]. (We keep this expression as a polynomial in s for the matching below.)
A.2.2. Explicit expansion of the left-hand side. For ¢ = K f dt/[A?B], change variable

t=pn, n€[0,&]:

a) = ©__pdn
Pleoie) = Ka) J A(pn)gB(pn)'
Using A(pn)? = 1+ p*(L+n*) + O(p"), B(pn) = pv/1+n*[L = 5p*Rp(n) + O(p")] 7" - [1 +
3/°Rp(n) + O(p")], and K(a) = p[1 + p*/2+ O(p )]
K(a)p _ P _ )
A(pn)2B(pn) — m[l""pQ(;_(l‘H]Q)_;RB(U)) "‘O(/fﬂ = ﬁ[l+p2h(n)+0(p4)],
where
4 2
) = —4 =P = §Raln) = =3 -2 - LT

With the substitution o = arcsinh(n), n = sinh o, do = dn/+/1 + n?, the integral becomes

arcsinh(&p) B B
o(sp;a) = p/o do[1+ p*h(o) + O(p")], h(o) := h(sinho).

Computing h: —1/2 —sinh? ¢ = —1/2 — (cosh®? 0 — 1) = 1/2 — cosh? 5. For the second piece,
sinh? 5/6 4 sinh? 0 = (cosh? o — 1)2/6 + (cosh? o — 1), divided by 1 4 sinh? o = cosh? &

sinh* 0/6 +sinh? ¢ (cosh® o —1)2/6 + (cosh? 0 — 1)  cosh?o — 1 (cosh2a -1 n 1)

cosh? o cosh? o ~ cosh?o 6
Setting ¢ := cosh? o and simplifying, (¢ — 1)(c +5)/(6¢) = (c* + 4¢ — 5)/(6¢). Hence
1 ?+4c—5 3c—6c2—(*+4c—5) =Tt —c+5 7cosh? o + cosh?’o — 5
h(o) = (ﬁ—c)— = = - _ - )
6c 6c 6c 6 cosh” o
Decomposing h for integration:
~ 2
h(o) = —% T+ W = — (1 + cosh(20)) — ¢ + 3sech®o.

Integrating term-by-term on [0, o,] and using tanh o, = 1/0, (from o, = cotho,):

I, = =% [0, + sinh(20,) /2] — % + % = -4 190, + Isinh(20,) — 12|

[
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Moreover arcsinh(§y) = o, + & p?/ cosho, + O(p*) (since d(arcsinh)/dg|
Hence

= 1/coshoy).

sinh o

(s0;a) = pow + p°[€1/ cosh o + L] + O(p°),
and using tanh(z) = x — 2%/3 + O(2%):
tanh ¢(sg; a) = poy + p° [é1/ cosho, + I, — 03/3] +0(p°).
A.2.3. Matching. Both sides of the FBC admit the expansion po, + p®[---] + O(p®), with

the p? coefficient given by &/ cosh oy + I, — 02 /3 on the LHS (from A.2.2) and o, [gg)) - g((lo) +
& (sinh o,/ cosh? o, — 1/sinho,)] on the RHS (from A.2.1). Equating these,

Oy [gg) — ¢\ 4 £/ (sinh 0,/ cosh? o, — 1/ sinh 0.)] =&/ cosho, + I, — o2 /3.

This is a linear equation in & that, after substituting the values of 9530) — gC(LO), I, and the
algebraic identities sinh .0, = cosho,/sinho, - sinh®c, = --- , simplifies (see A.2.4 below for
the algebraic reduction) to

(sinh? o, — 1)(sinh? o, — 4)(sinh? o, 4 1)

12sinh? o, - o, cosh o,

(63) & =

which is (58).
A.2.4. Explicit algebraic verification. We derive (63) from the matching equation
(64) o [gj(go) —gO ¢ (sinho,/ cosh? o, — 1/sinho.)] = &/ coshoy + I, — 02 /3,

by direct algebraic reduction. Throughout this calculation we write h := sinh oy, ¢ := cosh oy,
s := h% = sinh? 0,, and we use systematically the identities

(65)
s+1

h
o.h=c, o« =c/h, A =s+1, 02 = , o he=c2 =s+1, oy — =1,
s c

)

which follow from o, = coth o, and the basic hyperbolic identity A —h2=1.
Step 1: Isolating & . Rewriting (64) with the &;-terms on the left:

3
cln(h-1) -G o
The coefficient of &; simplifies, using (65), as
h 1 1 oh oo 1 ¢ ¢h 1 1 ¢ 1 ¢

U*<c7_ﬁ>_2_7_7_2_?_7_2_5_5_5__;

Hence
3

(66) a-(-5) =L -2+ - ).

Step 2: Polynomial form of géo) — gg). From the definitions,

© _ (0 _ 25y (1 s(s+ 6) 3 %_8(8—{-6)
o —g5 = (2+3) - ( ) 273 6(s+1)

3 2 " 6(s+1)

Common denominator 6(s + 1):
© _ 0 _9s+1)+4s(s+1)—s(s+6) 9s+9+4s? +4s— s —6s 35>+ Ts+9
a” =95 = 6(s+ 1) - 6(s + 1) T 6(s+ 1)
Step 3: Reducing I, using (65). From sinh(20,) = 2hc:

I, = 90, + The — 10/0,] = —% (90, + The — 10 h/c],

T [
using 1/0, = h/ec.

Step 4: Multiplying (66) by —12s%0,. Multiplying both sides by —12s%c,, the left-hand side
becomes

SE <—§) (—125%0,) = 1250, ¢ &
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This choice of multiplier produces a polynomial expression in s on the right-hand side, as we
now verify.

To keep the algebra transparent, we compute each term on the right-hand side of (66) after
multiplication by —12s0y, the factor that produces a polynomial in s alone (using (65)):

(a) —12s%0, - I, = —12s%0, - (— 12) [90. + The — 10h/c] = s20. [90* + The — 10h/c]
Using (65): s?- 902 = 9s% - L = 95(s + 1) = 952 4 9s; 520, - The = Ts% - o.hc =
752 (s + 1) = 783 + 7s%; s%0, - (— 10h/c) = —10s? - 04 (h/c) = —10s%. Summing,

—12320* — 952 + 95 + 753 + 7s% — 1052 = 75> + 652 + 9s.

(b) —12s%0, - (—02/3) = 45?0} = 45% - (S+1)2 =4(s+1)2 = 4s% +8s + 4.
0 0
(c) —125%0,-0, (gé )—ggg)) = 12520’2 W —1242.541. 35 é‘ﬁ;‘g —25(352+75+9) =

—6s3 — 145 — 18s.
Summing (a)+(b)+(c):
(753 + 65% 4+ 95) + (452 4+ 85 +4) + (=653 — 145> — 185) = s° — 45> — 5 + 4.

Step 5: Final factorization. On the left of (66), multiplication by —12s%0, gives &1 - (—c/s) -
(—12s%0,) = 12&; so.c. Hence

125‘130*0233—432—34—4.

We verify that s® —4s? —s+4 = (s — 1)(s — 4)(s + 1): indeed, (s — 1)(s + 1) = s> — 1, so
(s2—=1)(s —4) = 8% — 45> — s + 4. (Equivalently, s = 1 is a root: 1 —4 — 1 + 4 = 0; dividing by
(s—1),83—4s2 —s+4=(s—1)(s2—-3s—4) = (s —1)(s — 4)(s + 1).) Therefore

s —4s’ —s+4  (s—1)(s—4)(s+1) (sinh®0, — 1)(sinh? o, — 4)(sinh® o, + 1)

12s 04 ¢ - 12504 ¢ 12 sinh? Oy Ox COSh 0

which is (63).

&=

9

A.3. Expansion of H(a) = sinhr(a)/K(a) and computation of Cjy. From sinhr(a) =
B(s0)%/\/B(s0)? — K(a)? (Lemma 2.5). We compute the numerator and denominator sepa-
rately.

Numerator. B(sg)? = p*(1+&3) + p(€3/3 +2€2) + O(p%). Substituting & = sinh o, + &1p* +
O(p*) and isolating powers of p?,

B(:so)2 = p2 cosh? o, + p461 + O(pG), B1 :=2sinho, & + sinh* 0./3+ 2sinh? o,.

Denominator. B(sg)?—K(a)? =p (1—|—§0)+,0 (€3/3+2€3)—p (1+p )+0(p%) = p?sinh? o, +

ptaq - 2sinh? o, + O(p°) in the form vB2? — K2 = psinh o, 1 + p*ar + O(ph)], where
2sinh o, & + sinh? 0, /3 + 2sinh? 0, — 1 & sinh? o, N 1

aq = = —

! 2sinh? o, sinh o, 6 2sinh? o,

Ratio. sinhr = B?/v/B?2 — K? = p - cosh? 0. /sinho, - [I + p?(B1/ cosh® o, — a1) + O(p*)].
Recall cosh? 0,/ sinh o, = o, cosh o, (from o, sinh o, = cosho,), and K (a) = p(1+p%/2+0(p%)).
Hence

sinhr(a)

H(a) = K@) = o, cosho,[1+ p*(B1/ cosh® o, — ay — 1/2) + O(p4)].

By definition H'((1/2)%) = lim,_, (1 2)+ [H (a) — 04 cosh o.]/(a — 1/2), and using a — 1/2 = p?,

Co= H'((1/2)7) = 0. cosh o, (81/ cosh? o — ag — 1/2).
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A.4. Algebraic reduction in s = sinh? o,. We reduce [3’1/(3osh2 ox — a1 — 1/2 to a single
rational function of s. Using cosh? ox = s+ 1 and oy,sinho, = cosho, (whence sinho, -
oscosho, = cosh? o, = s + 1):

Coefficient of & . By contributes 2sinh o, &1/ cosh? o, = 2sinho, &, /(s + 1). ap contributes
&1/sinho,. The difference is

2sinh o, 1 _QSiIthO'**(S+1)_ 2s—(s+1) s—1

s+1  sinho,  (s+1)sinho,  (s+1)sinho, (s+ 1)sinho,’

Multiplied by & from (58), and using sinh o, - o, cosho, = s+ 1,

¢ s—1 B (s —1)%(s —4)(s+ 1) (s—1)2%(s—4)
! (s+1)sinho,  12s-(s+1)sinhoy -o.cosho,  12s(s+ 1)
Non-£1 part. The contributions are

sinh? 04/3 + 2sinh?o,  sinh? o, 1 52/3 +2s s 1
- = B
s+1 6 2sinh” o, s+1 6 2s

Common denominator 6s(s + 1):
25 (s24+6s)/(s+1)-3—5%(s+1)—6s(s+1)+3(s+1)
6s(s+1) ’
let us expand: 2s(s% + 6s)/(s + 1) needs LCD adjustment. Direct expansion:

2 2 2
5°/3+2s  2s(s” 4 6s) _2s (s +6) _ 2s5(s+6) (simplify s)
s+1 6s(s +1) 6s(s +1) 6(s+1)

_ 2s(s+6)-s  2s*(s+6) 287+ 1257

~ 6s(s+1)  6s(s+1)  6s(s+1)°

Adding the others over 6s(s+1): —s-s(s+1)/[6s(s+1)] = —s%(s+1)/[6s(s+1)]... [continuing
more cleanly|

s°/3+2s5 s 71+i _ 25%(s46) —s*(s+1) —6s(s+ 1) +3(s+ 1)

s+1 6 25 6s(s+1)
Expanding the numerator: 2s3 +12s% — 53 — 52 — 652 — 65+ 35+ 3 = 53+ 552 — 35+ 3. Therefore
the non-¢&; part equals (s 4+ 552 — 3s + 3)/[6s(s + 1)] = 2(s% + 552 — 35 + 3) /[12s(s + 1)].
Subtract 1/2 = 6s(s+1)/[12s(s + 1)]:
1 (s—1)%(s—4)+2(s3+5s2—35+3) —6s(s+ 1)
ho, —a;— - = :
fi/ cosh®o. —an =3 125(s + 1)

Expanding (s —1)%(s —4) = (s> =25+ 1)(s —4) = s3 — 45> — 252 + 85+ s5—4 = s> — 652 +9s — 4.
Adding 2(s3 4 55? — 35+ 3) = 252 + 10s®> — 65 + 6 and —65(s + 1) = —65> — 6s:

s — 652 +9s — 4+ 28+ 105> — 65+ 6 — 65° — 65 = 355 — 25% — 35 + 2.

Factoring: at s = 1,3 -2 —-3+2 =0, so (s — 1) is a factor. Dividing, 35% — 252 — 35+ 2 =
(s —1)(3s® + s — 2). Factoring 35> + s — 2 = (3s — 2)(s + 1). Therefore
I (s—1)(3s—=2)(s+1) (s—1)(3s—2)

o, —op — = = —
frf coshZ o — a1 = 3 125(s + 1) 125

A.5. Final formula and positivity. Substituting in Cy = o, cosh o, -(81/ cosh? o, —a; —1/2),
and recalling s = sinh? o,
Co = 04 cosh o, (s.inh2 ox—1)(3 sinh? o, — 2)
12sinh? o, '
For the positivity Cp > 0, both factors (s — 1) and (3s — 2) must be positive (the other terms
are obviously positive). We need s = sinh? o, > 1, since s > 1 automatically implies s > 2/3.
The condition sinh? o, > 1 is equivalent to o, > arcsinh(1) = log(1 + v/2).
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To verify this analytically, consider F(o) := o — cothe. Since F'(0) = 1 + csch®o > 0, F is
strictly increasing on (0, 00), and F'(o.) = 0 by definition. We compute

F(log(1 + v/2)) = log(1 + v2) — coth(log(1 + v/2)).

At ¢ = log(1 + v/2) = arcsinh(1), sinho = 1 and cosho = v/2, so cothe = V2/1 = V2.
Therefore F(log(1 + v/2)) = log(1 4+ v/2) — /2. By the strict inequality log(1 4+ z) < z for
x > 0 (a classical consequence of the concavity of log), with 2 = /2, log(1 + v/2) < v/2, so
F(log(1 ++/2)) < 0. By strict monotonicity of F' and F(o,) = 0, 0. > log(1 + v/2), hence
sinh o, > 1, i.e. s > 1. This establishes Cy > 0 analytically.
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