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A family of special case of sequential warped-product manifolds

with semi-Riemannian Einstein metrics

Alexander Pigazzinil!, Cenap Ozel®?, Saeid Jafari®,
Richard Pincak¥ and Andrew DeBenedictis!”!

Abstract

We derive the general formulas for a special configuration of the sequential warped-
product semi-Riemannian manifold to be Einstein, where the base-manifold is the prod-
uct of two manifolds both equipped with a generic diagonal conformal metrics. Subse-
quently we study the case in which these two manifolds are conformal to a ni-dimensional
and no-dimensional pseudo-Euclidean space, respectively. For the latter case, we prove
the existence of a family of solutions that are invariant under the action of a (ny — 1)-
dimensional group of transformations to the case of positive constant Ricci curvature
(A >0).

1. Introduction and Preliminaries

The warped-product manifolds are type of manifolds introduced by Bishop and O’Neill
[1]. These manifolds have become very important in the context of differential geom-
etry and are also extensively studied in the arena of General Relativity, for instance
with respect to generalized Friedmann-Robrtson-Walker spacetimes. Many properties

for warped product manifolds and submanifolds were presented by B.-Y. Chen in [2].
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2 [A.Pigazzini, C.0zel, S.Jafari, R.Pincak, A .DeBenedictis]

A warped-product manifold can be constructed as follows. Let (B, gg) and (F, gr) be
two semi-Riemannian manifolds and 7, ¢ be the projection of B x F' onto B and F,
respectively.

The warped-product M = B x ¢ I is the manifold B x I’ equipped with the metric tensor
g =19+ f20*gr, where * denotes the pullback and f is a positive smooth function on

B, the so-called warping function.

Explicitly, if X is tangent to B x F at (p,q) (where p is a point on B and ¢ is a
point on F), then:
(X, X) = (dr(X),dr(X)) + f2(p)(do(X), do(X)).

B is called the base-manifold of M = B Xy F' and F' is the fiber-manifold. 1f f = 1, then
B % F reduces to a semi-Riemannian product manifold. The leaves B x ¢ = 6~ !(q) and
the fibers p x F' = 77 !(p) are Riemannian submanifolds of M. Vectors tangent to leaves
are called horizontal and those tangent to fibers are called vertical. By H we denote the
orthogonal projection of T}, ,yM onto its horizontal subspace T{; 4)(B x ¢) and V denotes
the projection onto the vertical subspace T(, o (p x F'), see [3].

If M is an n-dimensional manifold, and ¢, is its metric tensor, the Einstein condi-
tion means that Ricy; = Agps for some constant \, where Ricy; denotes the Ricci tensor
of gpr. An Einstein manifold with A = 0 is called Ricci-flat manifolds.

Then keeping this in mind, we get that a warped-product manifold (M, gr) = (B, gg) X
(F, gr) (where (B, gp) is the base-manifold, (F, gr) is the fiber-manifold), with

gv = 9 + f2gr, is Einstein if only if (see [2]):

Ricp — %Hess(f) = A\gp
(1.1) Ricy = Agu <= { Ricr = ugr

FAf+(d =DV +Af* = p
where A and p are constants, d is the dimension of F'; Hess(f), Af and V[ are,
respectively, the Hessian, the Laplacian (given by tr Hess(f)) and the gradient of f for
gp, with f: (B) — R* a smooth positive function.

Contracting first equation of (1) we get:

(1.2) Rpf? — fAfd = nf?\

where n and Rp is the dimension and the scalar curvature of B respectively. From third
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[A fam. of spec. sequent. warped-prod. manifolds semi-Riemann Einstein metrics] 3

equation, considering d # 0 and d # 1, we have:

(1.3) fAfd+d(d—1)|Vf]?+\f?d = pd
Now from (1.2) and (1.3) we obtain:
(L4) [V + [Pl £ =

In 2017 de Sousa and Pina [4], studied warped-product semi-Riemannian Einstein mani-
folds in case that base-manifold is conformal to an n-dimensional pseudo-Euclidean space
and invariant under the action of an (n — 1)-dimensional group with Ricci-flat fiber F.

In [5] the authors extend the work done for multiply warped space.

In [6], the author introduced a new type of warped-products called sequential warped-
products, i.e. (M, gy) where M = (By X, Bs) x; F and gy = (g5, + h%gp,) + f?9r, to
cover a wider variety of exact solutions to Einsteins field equation.

Regarding the sequential warped-product manifolds, some works have been published in
recent years ([7], [8], [9], [10], [11], [12]).

The main aim of the present paper is largely to continue to extend the work done
in [4] (as was done for the multiply warped-product manifold in [5]), also for a special
case of sequential warped-product manifolds, (i.e. for h = 1, with By as an Einstein
manifold, and flat fiber F', where the base-manifold B = B; x By is the product of two
manifolds both equipped with a conformal metrics, and the warping function is a smooth
positive function f(x,y) = fi(x) + f2(y) where each is a function on its individual man-
ifold). The method will be as follows: first deriving the general formulas to be Einstein
and second, providing the existence of solutions that are invariant under the action of
a (n; — 1)-dimensional group of transformations to the case of positive constant Ricci
curvature. In fact, since in both references, [4] and [5], the authors show solutions for
the Ricci-flat case (A = 0), we, following their same construction, show the existence
of a family solutions for constant positive Ricci curvature (A > 0). In particular, this

proof of the existence of a family of solutions also holds for [4] considering dimF = dimB.

Definition 1.1: We consider the special case of the Einstein sequential warped-product
manifold, that satisfies (1.1). The manifold (M, gys) comprises the base-manifold (B, gp)
which is a Riemannian (or pseudo-Riemannian) product-manifold B = B; X B, with

By as an Einstein manifold (i.e., Ricp, = Agp,, where \ is the same for (1.1) and g¢p,
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is the metric for Bsy), and dim(Bs2) = na, dim(B;) = n; the dimension of By and By,
respectively, so that dim(B) = n = ny + ny. The warping function f : B — Rt is a
smooth positive function f(x,y) = fi(z)+ f2(y) (where each is a function on its individ-
ual manifold, i.e., f; : By = R" and f; : By — R*). The fiber-manifold (F, gr) is the

R?, with orthogonal Cartesian coordinates such that g, = —0gp.

Proposition 1.1: If we write the B-product as B = By x By, where:

i) Ricp, is the Ricci tensor of B; referred to gp,, where i = 1,2,

i) f(z,y) = fi(z) + fo(y), is the smooth warping function, where f; : B; — R™,

ili) Hess(f) = >_, 77 Hess;(f;) is the Hessian referred on its individual metric, where 7'
are the respective pullbacks, (and 75 Hessy(f2) = 0 since By is Einstein),

iv) Vf is the gradient (then [V f|*> =3, |V, f;|*), and

v) Af =5, A;f; is the Laplacian, (from (iii) therefore also Ay fo = 0).

Then the Ricci curvature tensor will be:

Xi, Xj) = Ricp, (X, X;) — $Hessi(f1)(Xi, X))
Ricy (Y3, Y;) = Ricp, (Y, Y
U

)
(1.5) i) —gr(Us, Uj) f*

| Riea(Y;, Uy) = 0,

where f* = % +(d— 1)|vf];|2’ and X;, X;,Y;, Y;, U;, U; are vector fields on By, By and

F'| respectively.

Theorem 1.1: A warped-product manifold is a special case of an Einstein sequen-

tial warped-product manifold, as defined in Definition 1.1, if and only if:

,RicBl — %T{‘Hessl(fl) = \gp,

Ty Hessa(f2) =0
(1.6) Ricy = Agv <= { Ricp, = \g,

Ricr =0
| fALfi+(d= DIV +Af? =0,

(since Ricp is the Ricci curvature of B referred to gg, then Ricg = Ricg, + Ricp, =
Mgg, + 9B,) + %Tl*Hessl(fl).

Therefore from (1.2) and (1.3):
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(RBlf - A1f1d = nlf)\

Azfo =10
Rr=0

(fALfL + (d—D|VF?+Af2=0.

where n; and R; are the dimension and the scalar curvature of B; referred to gg,,

respectively.

Proof. We applied the condition that the warped-product manifold of system (1.5)

is Einstein. O

This particular type of Einstein sequential warped-product manifold, as per Definition
1.1, allows to cover a wider variety of exact solutions of Einstein’s field equation, without
complicating the calculations much, compared to the Einstein warped-product manifolds
with Ricci-flat fiber (F, gr), also considered by the authors of [4].

2. Conformal B-metrics

In this section we will consider a special type of sequential warped-product manifold
(M, gnr), as described in the previous section, but in which the base-manifold is the
product of two manifolds both equipped with a conformal metrics. First we will show
the general formulas for which such a manifold M is Einstein, then we will show the same
in the case where the conformal metrics are both diagonal, and finally for the case in
which the base-manifold is the product of two conformal manifolds to a n;-dimensional

and nsy-dimensional pseudo-Euclidean space, respectively.

Theorem 2.1: Let (B,gg), be the base-manifold B = (B; x By), By = R™, with
coordinates (1, Ta,..Ty,), By = R™, with coordinates (Y1,Y2, --Yn,), where ny,ng > 3,
and let gg = gp, + gB, be the metrics on B, where g, = €;0;; and gp, = €,0;,.

Let fi :R™ - R, fo : R™” - R, ¢ : R"™ — R and ¢y : R™ — R, be smooth functions,
where fi and fs are positive functions, such that f = f1+ fo as in Definition 1.1. Finally,
let (M, gnr) be ((By X Ba) X p—pi1p, Fy gur), with gy = g + (f1 + f2)%gr, with conformal
metric gg = gp, + gn,, where gp, = %%ggl, JB, = égBQ, and F =R with gp = —04.

Then the warped-product metric gy = g + (f1 + f2)?gr is Einstein with constant Ricci
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6 [A.Pigazzini, C.0zel, S.Jafari, R.Pincak, A .DeBenedictis]

curvature X if and only if, the functions fi, fa, ©1 and s satisfy:

(1) (ny — 2)f901,zizj - wlfl,zizjd - 901,zif1,zjd - 901,zjf1,zid =0 fori#j,
(1) (n2 — 2)¢2,,, =0 forl #r,

(1) p1[(n1 = 2) for,.., — P1fi,..d =201, fi, d+

+eilfor Y il ener,, ., — (o — D f X000 enor’, F@rdd it enpor, fi, ] = ailf,

2 no

(IV) @a(ng — 2)902,ym + €12 Zzzl EsP2,y.y. — (N2 — 1)gg Zszl 5390272% = Aey,
(V) =for? 30 enfim, + (01 = 2) for D000 enpr,, fr, +

—(d = 1)( e it enfit, + @2 Y2 esfal)) = A2

Before proving Theorem 2.1, and showing the existence of a solution for A > 0, we
want to deduce the formulas for generic diagonal conformal metrics gp, and gg,.

Based on this, we consider (B, gg), the base-manifold B = (B; x By), with dim(B;) = ny,
dim(Bs) = ng, and g = gp, + gp,- We also consider f; : R™ — R, fo : R™ — R,
p1 - R™ — R and ¢y : R™ — R, are smooth functions, where f; and f5 are positive
functions, such that f = f; + f2 as in Definition 1.1. And finally, we consider (M, gy)
with ((B1 X Ba) X(f,4+£) Fgu), with g = gp + (f1 + f2)?gr, with conformal metric

gB = §B1 + gBQ? where gBl = @L%gBl7 ng = éngv and F = Rd with gr = _5ab'

From (1.6), considering the conformal metric on By and By, it is easy to deduce that M
is Einstein if and only if:

(2.1) Ricg, = A\gp, + %Hessi(fl), or equivalently (2.2) R, = Ang + %Ai(fl),

(2.3) Ricp, = A\gp,, or equivalently (2.4) Rp, = Ana,

(25) 0= AP+ A fi + (d— D[Vifal? + [Vafol?)

If we consider a generic diagonal metric, gp,; = g, + gBy; = Ny, and 7 = 0 for
i # 7, then M is Einstein if and only if (2.1), (2.3) (or equivalently (2.2), (2.4)), (2.5)

and the following, are satisfied:
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[A fam. of spec. sequent. warped-prod. manifolds semi-Riemann Einstein metrics] 7

(2.6) Ricg, = Hessl(fl) for i # j,
(2.7) Ricp, =0, for i # j.

Proof of Theorem 2.1. At this point we can calculate:

(2.8) Ricp, = z{(n1 — 2)¢1Hess (1) + [p1A1p1 — (n1 = 1)[Vienl*lg, },

(2.9) Ricg, = 5{(n2 — 2)paHessy(2) + [028202 — (n2 — 1)|Vapd]gn, },

SO we can write:

(2.10) Ricp, (X, X;) = Zz{(m—2)p1Hess1(01)(Xi, X;)+[p1A101— (1 —1)[ Vi [Plgp, (X3, X;)
(2.11) Ricp,(V1,Yy) = z{(na—2)paHessy(2) (Y, Vo) + 028002 — (2 —1) | Vaipo|*|gp, (Y1, Y2) },
(2.12) Rica(X;, X;) = Ricp, (Xi, X;) — $Hessi(f1)(Xs, X;),

for what was stated in Proposition 1.1 we have:

(2.13) Rica(Y;, Y;) = Ricg,(Y;, Y,),

and in the end

(2.14) Ricy(X;,Y;) = 0.

(2.15) Ricpy(X;,U;) = 0.

(2.16) Ricy(Y;,Uj) = 0.

Since Ricr = 0 we obtain:

(2.17) Ricas (Ui, Uy) = =g (Us, Up) (B3 + (d — 1) 285D,

where, analogous to Proposition 1.1, we consider gy (Vf,Vf) = g5, (V f1,V f1)+35,(V f2, V f2).

Lot Plare,s Pl flwcj7 fl,zia P2 s P25 f2,y;yr and f;yl, be the second and the first
order derivatives of 1, 2, f1 and fa, respectively, with respect to z;z; and yy,.

Now we have:

(2.18) Hessi(¢1)(Xi, X;) = Pl
(2.19) Ar(p1) = 20k erpr,, s
(2:20) [Vi(p1)* = 200, 8’“30%,%’
(2.21) Hessa(p2)(V1,Yr) =2,
(2.22) Ag(pz) = % 2apa .
(2.23) [Va(p2)? = 02 eapd, -
(2.24) Hessi(f1)(Xi, Xj) = f1,, T Zk ffgfl e

where T, = 0, T, = cp;’fj ,[E =g = 2% 50 (2.24) becomes:
(2.25) Hessi(f1)(Xi, X)) = fi.. + = % f1 . “”11% flz ,for i # j, and
(2.26) Hesst(fi)(Xi, Xi) = fi,.., + gj;f Ji., —€id 15kwx fi., -

Since Hesss(f2)(Y1,Y;) =0, we get:
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(2.27) Hesss(f2)(Y1,Y;) = J2 + @z;” fa,, + 302”” fa,. =0, for I #r, and
(2.28) Hesss(f2)(Y1, Y1) = fa,,, + 2722 b o~ El 28 L EsL =0.

»Ys

Then the Ricci tensors are:
(nl 2)901 \TT

(2.29) Ricp, (X;, X;) = S+, for i # j, 2
. (n 72) ,zizi+ ’LZ = LT n 224 T
(2.30) Ricp, (X;, X;) = e D S D () — 1)e; T30, ——%,
)

(
(2.31) Ricp,(V1,Y,) = % for I #r,
(

2
(232) R’iCB2 }/17 Y) (n2—2)p2 Y11 +;l2Zs 185P2,y5ys (n2 . 1)6[ ZZ; 5822%,745 .

Using (2.29) and (2.25) in the (2.12) and then using (2.30) and (2.26) in the (2.12) we
obtain respectively:
(2.33) Ricp (X, X;)

(n1=2)¢1 4.4 P14

Pl g, . .
©1 ’L]__[flzz ]flzz flsz]:I’fOrZ%j,

2
(nl 2)‘%71,1212"—52Zk_lakwl,zkzk 1 ni Ekwl,zk
P —(m )ei Dkl 2T

__[flz o T 2%1 Ji., —€i Qe 1€sz Ji zk]
while, using (2.31) and (2.27) in the (2.13) and then using (2.32) and (2.28) in the (2.13)
we obtain respectively:

(2.35) Ricy (Y1, Y,) = %, for I #r,

n2— o2 S n s
(2.36) Ricy (), Y)) = 2-2ma 0t S () 1)g, 372,

P2 s=1 o3

Now considering;:

(2.37) Ricp =0,

(2.38) g (Ui, Uy) = f2gr(Us, Uy), with f = fi + fa,

(2.39) Ag(fo) =0

(2.40) A1(f1) = ¢ 2o é?kfl ey — (1= 2)01 DL Enor,, fra,

(241) gu(Vf, V) = 5kf1r + 933002 sfzys

and by replacing them in (2.17).

(2.42) Ricy (Ui, Uj) = {—f ¥} ZZ“ VSt + (1 = 2) f1 D00k evn,, i,
—(d =1 (et X5l enft, T3> 2iesfi, V(Ui Uj).

Using the equations (2.33), (2.34), (2.35), (2.36) and (2.42), it follows that (M, gar) is an
Einstein manifold if and only if, the equations (1), (II), (I1I1), (IV), (V) are satisfied. [

3. The positive constant Ricci curvature case (A > 0)
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In this section we look for the existence of a solution to the positive constant Ricci cur-
vature case (A > 0) when the base-manifold is the product of two conformal manifolds
to a ni-dimensional and ny-dimensional pseudo-Euclidean space, respectively, invariant
under the action of a (n; — 1)-dimensional group of transformations and that the fiber
F is flat.

Theorem 3.1: Let (B,gg), be the base-manifold B = (B x By), By = R™, with
coordinates (1, Ta,.. Ty, ), By = R™ with coordinates (Y1,Y2,--Yn,), where ny,ng > 3,
and let gg = gp, + gB, be the metrics on B, where gp, = €;0;; and gp, = €,0;,.

Let fi - R"™ - R, fo : R =5 R, p; : R"™ = R and ¢y : R" — R, be smooth functions
f1(61), f2(&2), v1(&2) and @a(&2), such that f(&1,62) = fi(&1) + f2(&2) be as in Definition
1.1, where & = " iwy, o € R, and Y, g,02 = €40 or Y, g;a2 = 0, and by the same
token & =32 apy, ay ER, and Y5107 = g9 or Y, €107 = 0.

Finally, let (M, gy) be ((Br X Ba) Xp—piip, Fygum), with gy = gg + (f1 + f2)%gr, with
conformal metric gg = gp, + gp,, where gp, = @L%QBU JB, = éggw and F = R? with
gr = —0qp-

Then, whenever Y. g;a3 = ;0 (and Y., e,0f = €19), the warped-product metric

gu = g + (f1 + f2)%gr is Einstein with constant Ricci curvature X if and only if the
functions f1, fa, o1 and py satisfy the following conditions:

(Ia) (n1 —2) f! — o1 fid —2¢) fild =0, fori# j,

(Ila) ¢5 =0, forl #r,
(Illa) 3, evoi[for0] — (n — D) foF + o1 f1d] = Af,

(1Va) 3, £s0f[—(na — 1)pF] = A

(Va) >, excd[—fOif + (n — 2) forpi f1 — (d — D)2 f]+
— > esaz((d — )3 f3] = Af2

Proof. We have:
o g e Y
Plae, = Q1O Q1. = @106, fi,, = flaag, i, = fla,

and

_ ! _ / _ " _ !
P2y — P2y, P2, = Do, fz,ylyr = fyoo, f2,yl = fyau.
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Substituting these in (I) and (II) and if i # j and [ # r such that oa; # 0 and
aja, # 0, we obtain (Ia) and (Ila).

In the same manner for (III) and (IV), by considering the relation between ¢{ and f
from (Ia) and ¢35 = 0 from (Ila), we get (I1la) and (IVa) respectively. Analogously, the
equation (V) reduces to (Va). O

Now we are going to look for the existence of a solution to the positive constant Ricci
curvature case (A > 0), considering f>(&>) = 1, and dim(B;) = dim(F'), i.e., ny = d . So,
whenever > 7"
(the same for >, afe; # 0, in which we consider Y 2, aje; = —1).

In this way the equations (la), (Ila), (Illa), (IVa) (Va) become:

" ade; # 0, without loss of generality, we may consider » %, afe; = —1

(]b) (n1 - 2)(f1 + 1)90/1/ - nl%f{/ - 2”190/1f{ =0, for i # j,

(IIb) ¢4 = 0, for | # r,

(IIIb) —(f1 + Dero] + (m — 1)(f1 + 1) — it f1 = A(f1 + 1),
(IVh) (g — 1) = A,

(Vb) (fr + )i fi' = (n1 = 2)(fi + Droi f1 + (n = D@ f12 = ML + 1)

Note that since fy(&) = constant, then the equations (2.27) and (2.28), concerning
the condition Hesssz(f2) = 0, are obviously satisfied.

It is worth noticing that there is no reason to believe that any nontrivial solutions
exist, since the system is overdetermined. Omne must first check out the compatibil-
ity conditions and fortunately this is easy to figure out. Changing the notation: from
(&, ¢1(&1), f1(&)), to (¢, B(t),(t)—1) (in order to simplify the writing and avoid con-
fusion with the indexes), and also writing A = gm?/2 > 0, where ¢ = ny, i.e. dim(By),

our system of equations then becomes:

(g —2)v6" —qBy" —2¢8'v =0
(3.1)4 =B18" — (¢ = )8 — qB"y — 5qm>y =0
VB = (q—2)BvB'Y + (g — 1)B*y* — 2qm?y* =0

So, if we solve the second and third equations for " and " and substituting them
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into the first equation, we note that the first equation can be replaced by a first order

equation, that is:

(3.2) (g—2)728"% — 288"y + q8°y* — qm*y* =: Z(B,~,B',+') = 0.

Now, differentiating Z with respect to ¢ and then eliminating 8” and " using the sec-
ond and third equations of (3.1), the resulting expression in (3,7, 5,7) is a multiple
of Z(B,v,5,7"). This shows us that the combined system of equations (3.1) and (3.2)
satisfies the compatibility conditions, so that the system has solutions, specifically, a
3-parameter family of them.

If we want to describe these solutions more explicitly, we must note that the equations
are t-autonomous and have a 2-parameter family of scaling symmetries. In particular,

the equations are invariant under the 3-parameter group of transformations of the form:

(33) (I)a,b,c(t> ﬁa 7) = (CLIH—C, &5, b’}/)

where a and b are nonzero constants and ¢ is any constant. In fact, the equation (3.2)

implies that there is a function w(t) such that

I 2mgquw(w—1)
A ((q72)w272qw+q)
) mv((q—Q)WQ—q)
B ((q—2)w2—2qw+q)

(3.4)

and then the second and third equations of (3.1) imply that w must satisfy

(3.5) w' = m(q+zqw;(3q_2)w2) |

Conversely, the combined system of (3.4) and (3.5) gives the general solution of the
original system. This latter system is easily integrated by the usual separation of vari-

ables method, i.e., by eliminating ¢ yields a system of the form:

(3.6) % = R(w)dw
and
(3.7) & = S(w)dw

where R(w) and S(w) are rational functions of w. Writing /5 and v as elementary func-

tions of w, then we can also write:
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(3.8) dt = T (w)dw,

where T' is a rational function of w, so that ¢ can be written as a function of w by
quadrature. Thus, we have the integral curves in (t, 3,7, w)-space in terms of explicit

functions.

In conclusion (because of the 3-parameter family of equivalences of solutions), we can say

that in certain sense, these solutions are all equivalent to a finite number of possibilities.

Remarks: As is well known, an Einstein warped product manifold with Riemannian-
metric and Ricci-flat fiber-manifold can only admit zero or negative Ricci tensor, Ric < 0.
Here we have shown, that a simple pseudo-Riemannian metric construction allows, an
Einstein warped product manifold with Ricci-flat fiber-manifold, to obtain Ric > 0, and
this may find interest, for example, in how to build warped-product spacetime models,

with positive curvature, whose fiber is Ricci-flat.
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