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Abstract

In this paper we study Hankel operators in the quaternionic setting. In particular we prove that
they can be exploited to measure the L> distance of a slice L*° function (i.e. an essentially bounded
function on the quaternionic sphere OB which is affine with respect to quaternionic imaginary units)
from the space of bounded slice regular functions (i.e. bounded quaternionic power series on the
quaternionic unit ball B). Among the difficulties arising from the non-commutative context there is
the lack of a good factorization result for slice regular functions in the Hardy space H*.
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1 Introduction

A linear operator on a Hilbert space is called a Hankel operator if its associated matrix has constant
antidiagonals. Given any sequence o = {, }nen With values in the skew field of quaternions, we can
form the infinite matrix M, = (« j+k)j+,3c:> o With constant antidiagonals, and let I, acting on quaternion

valued sequences v = (vj);r:og by matrix multiplication: (Uov)(j) = >y @j+kVk. The classical
Nehari Theorem (see [17]) characterizes the (complex valued) sequences « such that the Hankel operator
I, is bounded on the Hilbert space ¢?(N, C). Together with Nicola Arcozzi, we investigated this problem
in the quaternionic setting in [6]. We showed that, in analogy with the complex valued case, where
the problem can be translated in terms of holomorphic functions, in the quaternionic setting it can be
reformulated in terms of slice regular functions. This class of function, introduced by Gentili and Struppa
in [14], represents in fact a valid counterpart in the quaternionic setting to holomorphic functions. We
refer to the monograph [13] for all results and proofs concerning the theory of slice regular functions.
For a survey of the theory of Hankel operators in the complex setting see [18].

The purpose of the present work is to give an interpretation of quaternionic Hankel operators as tools
to measure the distance of a bounded quaternionic slice function from the space of bounded slice regular

functions.

*Partially supported by INDAM-GNSAGA, by the PRIN project Real and Complex Manifolds, by the FIRB project Differ-
ential Geometry and Geometric Function Theory, and by the SIR 2014 project Analytic Aspects of Complex and Hypercomplex
Geometry (code no. RBSI14DYEB) of the Italian MIUR.



Let H denote the skew field of quaternions, let B = {¢q € H : |¢| < 1} be the quaternionic
unit ball and let B be its boundary, containing elements of the form ¢ = e*/, I € S, t € R, where
S ={q € H: ¢*> = —1} is the two dimensional sphere of imaginary units in H. We endow 0B with the
measure d% (e'') = do(I)dt, which is naturally associated with the Hardy space H?(B) of slice regular
functions on B, see [5]. The measures are normalized so that X(9B) = o(S) = 1.

The class of functions we are considering satisfies the following algebraic condition: a function f
defined on OB is called a slice function if for any two sphere of the type e'S := {e!! . T € S} contained
in OB,

F(et) = a(t) + Jb(t),

where a, b are quaternion valued functions depending only on ¢. Namely f is slice if its restriction to
each sphere e is affine in the imaginary unit variable. Slice functions were introduced and studied
by Ghiloni and Perotti in the more general setting of real alternative algebras in [16]. The restriction
to OB of slice regular functions furnishes an important class of examples of slice function. A concrete
example is given by convergent (for almost every t) power series of the form et — Y nez el™q,,, with
quaternionic coefficients a,,. For instance, such a series does converge if the sequence of coefficients
{a,} belongs to ¢*(Z, H). Power series with coefficients in ¢! (Z, H) are considered in [4].

Let Ls(OB) denote the space of measurable slice functions and, for 1 < p < +oo, let LP(0B)
denote the space of (equivalence classes of) functions f : 9B — H such that || f||} := [,z | f[PdE < oc.
For p = +o0, L*°(0B) denotes the space of (equivalence classes of) measurable functions essentially
bounded with respect to the measure dX. The space of slice L? functions will be denoted by L% (0B) =
LP(OB) N Ls(OB). It is possible to show that LX(OB) has a natural structure of right linear space over H
(to be more precise of a right H modulus), and of a Banach space.

In the case p = 2, we have

Proposition 1.1.

L%(0B) = {f € L*(0B) : forae. q € JB, f(q) = Z q"an with {a,} € €2(Z,H)}

ne’l

< Z q"an, % qnbn>L§(8B) = T;anan

neEL

and the inner product

endows L2(OB) with the structure of a quaternionic Hilbert space.

For the extention of classical functional analysis results to the quaternionic setting we refer to the
book [8] and, for the specific case of slice functions, to [15].

The first result concerning the study of Hankel operators is a reformulation of the Nehari type The-
orem proved in [6] in which we give a characterization of bounded Hankel operators is given in terms
of slice L functions. The norm of a bounded linear operator 7" mapping a quaternionic normed linear
space U to another quaternionic normed linear space )V is defined as usual as

[Tullv
w€U ,uZ0 llllee
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Theorem 1.2. Let o = {av, }nen C H be a quaternion valued sequence. The operator T, mapping any
sequence a = {a,} € (>(N,H) to the sequence defined by

(Taa)(n) = anyja;

>0

is bounded on (*(N,H) if and only if there exists ¥(q) = Y, o7 ¢"U(n) € L=(OB) such that (m) =
O, for any m > 0. In this case

~

inf{[|¢[| Lo (om) : ¥ € LT (OB),¥(m) = @y m > 0} < ||Lall ez v,my) "
< 2inf{[|y)|| Lo (om) : ¥ € LT (OB),¥(m) = @, m > 0}

The proof of the “if and only if” part of the statement exploits two results. The first one is Theorem
1.1 in [6], which gives several equivalent conditions on the sequence « and its generating function q >
> nen "y, in order to have a bounded operator I',,. In particular we will use the following:

Theorem 1.3. Let a = {an}tnen C H be a quaternion valued sequence. Then the operator T, is
bounded on (*>(N, H) if and only if the function q — > nen 40y belongs to the space BMOA(OB).

The symbol BMOA(0IB) denotes the space of slice regular functions on B with bounded mean oscilla-
tion. See Section 3 for the precise definition. The second result exploited is a representation result for
quaternionic BM O functions proved in Section 3. The main point here relies in the estimates (1) of the
norm of I',. In the proof of the second inequality in (1) the lack of a good factorization result for slice
regular functions in the Hardy space H'(B) requires some attention. Moreover a duality result that may
have an independent interest is needed:

Theorem 1.4. The dual space (LL(OB))* is isometrically isomorphic to L°(OB).

Hankel operators admit also a realization as operators from the quaternionic Hardy space (viewed as
a subspace of L2(0B))

H2(OB) = { f € L*@B): forae. q € dB, f(q) =Y q"a, with {a,} € (N, H)}
n>0
to its orthogonal complement H2 (9B) in L2(9B). Given any ©(q) = Y, ., ¢"®(n) € L(0B) we can
define the operator H, : H(0B) — H?2(9B) as
Hyf =P_(pxf)=Y q" Y &n—k)f(k). 2
n<0 k>0

where the symbol * denotes an appropriate multiplication operation between slice functions, and P_ is
the orthogonal projection from L2(0B) onto H? (OB).

Translating Theorem 1.2 from sequences in ¢?(N, H) to functions in L2(9B), allows us to prove our
main result.

Theorem 1.5. Let ¢ € L°(0B). Then

| Hy | g(r2(om)) = nf{ll¢ — fllLe@m) : f € H*(OB)}. 3)



Here H*°(0B) denotes the space of bounded slice regular functions on B, introduced in [11], viewed as
a subspace of L2°(0B). By compactness, the infimum in equation (3) is attained for any ¢ € L°(9B):
there exists always a regular function g € H°°(9B) such that

| Hollpa2om)) = ¢ — gll Lo o) = distre=(p, H>(IB)).

A function g realizing the distance of ¢ from H>°(0B) is called an L°°-best approximation of ¢ by a
slice regular function.

We conclude this article with some further results. The first one concerns the uniqueness of a best
approximation, and the second one gives a characterization of bounded Hankel operators in terms of shift
operators.

The paper is structured as follows: in Section 2 we give some background on slice and slice regular
functions; in Section 3 we establish the setting of our study, we introduce slice LP and BM O (equiv-
alence classes of) measurable functions and we prove some functional analytical results needed in the
sequel; Section 4 is devoted to prove Theorems 1.2 and 1.5, together with some further results concerning
bounded Hankel operators.

2 Preliminaries

In this section we recall the definitions of slice and of slice regular functions over the quaternions H,
together with some basic properties. Let S denote the two-dimensional sphere of imaginary units of H,
S ={q € H|q* = —1}. One can “slice” the space H in copies of the complex plane that intersect along
the real axis,

H=J®+RI), R = ((R+RI),

Ies IeS

where Ly := R+ RI = C, for any I € S. Each element ¢ € H can be expressed as ¢ = = + yl,
where x,y are real (if ¢ € R, then y = 0) and I, is an imaginary unit. To have uniqueness outside
the real axis we can choose y > 0. The conjugate of ¢ is ¢ = =z — y[I and its modulus is given by
lq|* = qq@ = 2 + y>. Every non-zero quaternion has a multiplicative inverse, denoted by ¢!, that can
be computed as g~! = §/|q|?, hence providing H with the structure of a skew field over R. For any
Q) C H and for every I € S we will denote by €27 the intersection 2 N Lj.

Let us focus our attention to quaternion valued functions defined on the boundary 0B of the quater-
nionic unit ball B := {¢ € H : |¢| < 1}. This domain present an important symmetry property: for
any quaternion x + y/ contained in OB, the entire two dimensional sphere x + yS is contained in 0B.
On subsets presenting such a symmetry it is possible to give the definition of slice functions. This class
of functions was introduced and studied in a more general setting by Ghiloni and Perotti in [16]. We do
not intend to give here all the details. In this paper a function f : 0B — H will be called a slice function
if it is affine on spheres of the form x + S contained in OB with respect to the imaginary unit. More
precisely, f is slice if for any I, J € S and for any x + yI € 0B

4
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In the sequel we will adopt equation (4) as definition of slice functions.

A concrete example of slice functions is given by convergent (for almost every t) power series of
the form e’ Y onez e!™a,,, with quaternionic coefficients a,, ( in fact, for any n, e/™ = cos(nt) +
I'sin(nt)).

The restriction to OB of slice regular functions on open balls centered at the origin B, = {q € H :
lg| < r} gives an important class of examples of slice function: a function f : B, — H is called slice
regular if for any I € S the restriction f; of f to B, N Ly is holomorphic, i.e. it has continuous partial
derivatives and it is such that

Orf1(z +yl) = !

5 (5 15 ) file+un) =0

ox oy
forall z4+yI € B,NLj. Infact (see [13]), a function f is slice regular on B, if and only if it has a power
series expansion f(q) = Y .-, ¢"ay converging in B, and such functions clearly satisfy representation
formula (4) on the entire B,..

We point out that equation (4) also furnishes a tool to uniquely extend a function f; defined on a
circle OBy to a slice function f := ext(fr) defined on the entire 9B,

ext(fr) @ +9J) = 57 frla +ul) + T fie — g,
The operator ext was introduced in the setting of slice regular functions in [9]. Since pointwise product
of functions does not preserve the classes of slice and of slice regular functions, a new multiplication
operation is defined, the so called regular or x-product. In the case of slice regular functions defined on
B, it has an expression given in terms of their power series expansion, which can be naturally extended
to (a.e.) convergent power series of the form ) . qa,, with |¢| = 1. Let f(q) = >, cz ¢"an and

9(q) = >_,,c7 4"bn be two slice functions on JB. Then

fxglq) = an Zakbnfk-

nez keZ

nez

As for slice regular power series the x-product is related to the standard pointwise product by the follow-
ing formula.

Proposition 2.1. Let f, g be slice functions on OB admitting expansions f(q) = >, c7 ¢"an and g(q) =

> nez 4" bn. Then
X o if f(g) =0
frgle) = { f@g(f(@) " af(@) if fla) #0

The proof follows by the same computation that gives the result in the slice regular case (see[13]). Also
the notions of regular conjugation and of symmetrization can be generalized to the case of power series
with negative powers. If f(q) = >,z ¢"ay is a slice function on OB, the regular conjugate and the
symmetrization of f are

fe(q) = Zq”ﬁn and f%(q) := f° f(q) = f* f(q) respectively.

neE”Z



The reciprocal f~* of f(q) = >_, 7 ¢"an With respect to the x-product is then given, as in the regular

case, by
1
0 = = (0).
@) fxfea) @
The function f~* is defined on OB\ {q € OB | fx f°(¢) =0} and fx f~* = fx f~* = 1. We conclude
this preliminary section with the following proposition, that can be proved by direct computation, as in

the case of slice regular power series.

Proposition 2.2. Let f, g be slice functions on OB admitting expansions f(q) = >, c7 ¢"an and g(q) =
Y nez @"bn. Then (f * g)¢ = g°* f°.

3 Slice L? functions

In this section we establish the setting of our study. In particular we introduce the spaces of equivalence
classes of slice LP functions and that of slice BMO functions.

Let] € S. For1 < p < 400, we will denote by LP (0B ) the space of quaternion valued (equivalence
classes of) measurable functions f : 9B; — H such that HfHIiP(QBI) = 02” |f(elt)[Pdt < +o0 and by
LP(0OB) the space of (equivalence classes of) measurable functions f : 9B — H such that

1oy = | F@PAE(@) < 4,

where dY. is the volume form naturally associated with the Hardy space H?(B), introduced in [5]: if ¢ =
e!t, then dX(q) = do(I)dt and d¥, do are normalized so that d¥(0B) = do(S) = 1. For p = oo, we
will denote by L>°(0B;) the space of essentially bounded (equivalence classes of) measurable functions
on OB;. The space L>°(JB) contains (equivalence classes of) measurable functions f : B — H such
that

|1£1] Lo (am) := esssup |f(q)] < +o0,
q€EIB

where the essential supremum is taken with respect to the measure d3:

essseua%lf(q)l =inf{A >0 : X({g€IB : |f(q)| > \}) =0}

Quaternionic LP spaces share many of the basic properties of classical complex LP spaces. In this
paper we will not investigate the general theory of these function spaces, in particular we will focus our
attention to their subspaces of slice functions. We recall here that in [7] the LP norm of the orthogonal
projection from the space L?(9B) to its closed subspace L2(9B) is studied.

A first (easy) remark is that the restriction to a single slice of an element of LP(0B) does not nec-
essarily belong to LP(0B;) for every I € S (but only for o-almost every I), while clearly the opposite
implication holds true. The two notions coincide in the case of slice functions. For 1 < p < +o0,
let L% (OB) denote the space of measurable slice functions bounded in LP-norm. Using representation
formula (4) it is not difficult to prove

Proposition 3.1. Forany 1 < p < 400, a slice function f : OB — H belongs to LP(0B) if and only if it
belongs to LP(0By) for one and hence for any I € S.



As in the case of HP spaces of slice regular functions, studied in [11], it can be proven that L% (9B)
spaces have a natural structure of quaternionic right Banach spaces. In the case p = 2, as in the case of
the Hardy space H 2(183) (see [1] and [2]) the inner product

. ) z2om) /d gjas

gives to L?(0OB) the structure of a quaternionic Hilber space. Moreover, when considering slice L>
functions, we obtain the following result.

Proposition 3.2.

L%(0B) = {f € L*(0B) : fora.e. q € 9B, f(q Zq an with {an} € 1*(Z, H)}

nez
In particular, {q" }nez, is an orthonormal basis of L2(OB).

Proof. On the one hand, il f € L?(0B), recalling that d¥ is the product of dt with do, we get that there
exists I € S such that f € L?(0B;). Then if f splits on L; with respectto J € S, J 1 I, as f(z) =
F(z) + G(z)J, the orthogonality of I and J guarantees that the splitting components F',G : 0By — L;
are complex L? functions. Therefore they admit a representation of the form

F(z) =Y 2"F(n), G(z)=) 2"G(n)

nez nez

where z € 0By and ﬁ(n), G (n) denote the n-th Fourier coefficient of F' and G respectively. For any

z € 0By we can therefore write
=Y "2(F(n)+G(n)J) = 2"f(n)
nez neZ

where the sequence {f(n)}nez belongs to ¢2(Z,H) thanks to fact that J L I and {F(n)}nez and
{G(n)}nez belong to £2(Z, C). If furthermore f satisfies equation (4), since every ¢ = x+y.J € 9B can
be written as ¢ = % (x+yl)+ H‘H (x — yI), then the power series expression of f can be extended

to the whole OB as R
=> q¢"f(n)
nez

Notice that this also shows that the coefficients f(n) do not depend on the choice of the slice Lj.
On the other hand, if f(q) = Y_,,c7 ¢"an with ¢ € B and {ay, }nez € (*(Z,H), then the restriction

f1 of f to L belongs to L?(0B;,H) for any I € S. In fact, for any n, m € Z, f% —ntlemtlgr — orgm
(which proves the orthonormality of functions ¢ — ¢™), and hence

|2 e

Equality  + yJ = S (x + yI) + L (x — yI), for any I,J € S, immediately implies that f is a
slice function. O

2
= Z |an|® = ||{an}n€Z”£2(Z,H) < Fo0.

L2aB H
neL



In particular L2(9B) endowed with the inner product
n n _ 7
< > d"an, Y g bn>L§(8B) = bnan
nez neZ neZ

is a quaternionic Hilbert space. We point out that for any f(q) = >, .7 ¢"an,9(q) = > ,c7q"bn €
L?(dB), their inner product can also be expressed in an integral form as

2w
< Z q"an, Z qnbn>L2(BIB) = % 0 g(eIG)f(em)dQ
nez s

neL

where [ is any imaginary unit. Since it does not depend on the imaginary unit, we can also write

n n _ 1 M 16 _ PR _
<gf%2;”0mm‘é“%4 o0 = | G (@aS(a) = (F.8)12m)
&)

Notice that the L? norm of a function f € L2(0B) depends only on the moduli of the coefficients of its
power series expansion. Hence f € L?(9B) if and only if its regular conjugate f¢ does, and moreover

1 320m) = D 1F012 = | Fin)

ne” ne”l

2
"= 1B 0m)-

We can split L2(0B) into two orthogonal subspaces: the Hardy space

H?(0B) := {f € L*(0B) : forae. q € 0B, f(q) = Zq”an with {a,} € EQ(N,H)}

n>0

and its orthogonal complement (with respect to the inner product) in L2(9B)

H?(0B) := {f € L*(0B) : forae. q € OB, f(q) = Zq”an with {a_,} € KQ(N,H)}.
n<0

In what follows we will denote by P, and IP_ the orthogonal projections from L2(0B) onto H?(OB)
and H? (OB) respectively.

Since slice regular functions on B are characterized by having a power series expansion converging
in B, it is natural to identify the space H?2(0B) with the Hardy space of the unit ball H?(B). Moreover,
since L°(0B) C L2(0B), the space H>(0B) = L°(B) N H2(JB) of slice L> (equivalence classes
of) functions belonging to the span of {¢" },>¢ can be identified with the space of bounded slice regular
functions H*°(B).

For any 0 < p < 400 a notion of quaternionic H? space is given in [11]. In particular in [11] it is
proven that the radial limit of slice regular functions in H” exists on each slice along almost any radius
and it belongs to LP(0By) for any 0 < p < +o0. Taking into account that functions in H?(B) satisfy the
Representation Formula (4), we easily conclude that their (a.e.) radial limit belongs in fact to the space
Lg(@IB%). In particular, for any 1 < p < +o0, identifying each function with its radial limit, the space
HP(B) can be viewed as a subspace of L(9B) , in the sequel denoted by H?(0B). Another fact about



functions in H?(B) that we will use in the sequel is that the radial limit of a function that does not vanish
identically is almost everywhere nonvanishing (see again [11]).

Our next goal is to show that the dual space of slice L' functions is the space of slice L functions.
To this aim we first need a couple of preliminary results.

Proposition 3.3. The space L2(OB) is a dense subspace of L} (0B)

Proof. Cauchy-Schwarz inequality implies that as in the complex case, L2(0B) C L.(0B). To prove
the density, let f € L1(OB) and fix I € S. The restriction f; of f to OB; belongs to L'(0B;). Then,
if J L I, and f; decomposes on OB as f; = F! + G'J with FI,G! : 0B; — L, thanks to the
orthogonality of I and .J we have that both '/ and G’ belong to the complex space L' (0B, L;). Using
the density of the L? space of the complex unit circle in the L' space of the complex unit circle, we find
two sequences { F'}, {G1} € L?(0B;, L) converging in L' norm respectively to I’/ and G'. Therefore
the sequence f;,, := FI'+GIJ convergesin L'(0B;) to f7. If we consider the extension f,, := ext fin
of frn to aslice function defined on OB, recalling formula (4), we get that f,, € LE(E?IB%) foranyn € N
and since f = ext(fs), and ext is a linear operator,

2m
= flras = [ dotDg= [ lext(fin— (el
2m
< [drg [ (U= €]+ 1 = f)e ) de
2m 2m
=5 [ = g+ 5 [ = e

=2[f1n — frllLr(oB;)-
Hence we conclude that f,, converges in L!(0B) to f. O
The following result is a quaternionic version of the classical Hahn-Banach Theorem.

Theorem 3.4. Let X be a quaternionic normed right linear space and let Y be a subspace of X. Then
for any bounded right linear opeartor X\ in the dual space Y * there exists a bounded right linear operator

Ain X* such that A, = X and such that ||A| x+ = ||A|

Y*-

The first part of the statement is proven in [8]. The complete result can be obtained adapting the proof
of Theorem III.6 and of the following Corollary 1 in [19] from the complex case to the quaternionic
case (i.e. considering the decomposition of the considered operator with respect to the real part and to 3
imaginary units).

We can finally prove the following natural relation.

Theorem 3.5. The dual space (L(0B))* is isometrically isomorphic to L (0B).

Proof. On the one side, for any ¢ € LZ°(0B), the functional Tyy(-) := (-, %) 12(gm), is @ bounded right
linear functional on L (B): for any f € L!(0B)

Ty(f)] < /(m [ (DA < [¢] Lo om) 1 f1] L1 (08).



ie 1Ty llsriomy) < U]l (om)-

On the other side, let A be a bounded right linear operator on L!(9B), and let \ be its restriction to
L%(0B). Since L2(0B) is a quaternionic Hilbert space we get that A € (L2(0B))* = L%(9B), namely
that there exists ¢ € L2(0B) such that

Af) = Tso(f) =(/, 80>Lg(813)

for any f € L2(OB). Thanks to the quaternionic Hahn-Banach Theorem 3.4 and Proposition 3.3, we get
that we can uniquely extend A to Lg(9B), i.e. that A(g) = T,,(9) = (g, ) 12(sm) for any g € L(B).
To conclude, we are left to show that ¢ € L>°(0B). We will proceed by contradiction. Suppose that for
any N > 0 there exists a measurable subset En C 0B such that ¥(Ex) = enx > 0 and |p(q)| > N for
any ¢ € Ey. Then, for any N > 0 consider the function ¢ = gy ||t Now |on| = |xEy| =
XEy» 80 pn € L®(0B) C L*(9B) = (L*(9B))" since L*(IB) is a quaternionic Hilbert space. Hence,
on the one hand, using Cauchy-Schwarz inequality we can write

(s o8 z20m)| < 19l 2(0m) - llollzz(om = ol 2o /a ol

— ¢l z2om) /a XendS = lelamen ©)
On the other hand
(e, o) 12(0m)| = ’/ XEN\90!_1<P<PdE’ =/ lpld¥ > Ney. (7
OB En

Combining inequalities (6) and (7) we get that

el L2 om) > N.

Since ¢ is bounded in L? norm and N is arbitrarily large, we get a contradiction, thus proving that
p € L>®(0B).
O

Another property that we will need in the sequel is the following.

Proposition 3.6. A function ¢ belongs to L°(0B) if and only if its regular conjugate ¢° does. Moreover
the two norms coincide, ||| o am) = ||9°|| Lo (9m)-

The proof exploits the fact that we are considering slice functions admitting a power series expansion,
and follows the same lines than the proof in the slice regular case, see Proposition 5 and Corollary 1 in
[10].

We can now give the notion of slice BM O space, i.e. the space of slice functions f : 0B — H with
bounded mean oscillation.

Definition 3.7. Let f € L.(OB) and, for any interval a = («, ) of R such that |a| := |5 — a| < 2,
denote by fr . the average value of f on the arc (e*!,e’l) C OBy,

fra= Mlb‘/af(e‘”)da.

10



We say that f € BMO(0By) if

1
| fllBrro(os,) == sup {W/ £ () - fLa!dH} < 400.

aCR, |a|<2m
We say that f € BMO(0B) if

I f1l Baroam) = sup | fll Broom,) < +oo.
S

The space of slice regular functions on B with bounded mean oscillation has been introduced in
[6] and there it is denoted by BM OA(B). In this paper, since in fact BAMOA(B) coincides with the
intersection of BMO(0B) with the space H'(B), viewed as a subspace of L (9B), we will denote it as
BMOA(OB).
Taking into account the Representation Formula (4) it is possible to show the following result.

Proposition 3.8. Let f € LL(OB). Then f € BMO(IB) if and only if f € BMO(OBy) for every
IeSs.

See [6] for a proof in the case of slice regular functions.
As in the complex case (see, e.g., [12]) we have a characterization of slice BM O functions in terms
of slice L*° functions.

Proposition 3.9. A slice L' function f belongs to BMO(OB) if and only if there exist o, € L°(IB)
such that f admits the representation

f=¢+Py. 8)
Proof. Consider the splitting of f on the slice L with respectto J € S, J orthogonal to I, f = F +GJ
for some functions F, G : 0By — L. For any real interval a = («, /3), with |a| < 27, denote by F,, and
G, the average values of F and G on the arc (e/®, /). Thanks to the orthogonality of I and .J we have
that

1 1/2
| fllBroe;) = sup {/ (IF(eW) — E,? + |G - Ga|2> d@} :
a

aCR, |a|<27 ‘a|

Since the quantity on the right side is greater or equal than both || F'|| grr0(a8,) and ||G|| srro(as;)» and is
smaller than the sum || F'|| garo(o8,) + |Gl Brro(aB,)» We have that f belogns to BMO(0B;) (and hence
to BMO(0B)) if and only if both F' and G belong to the complex BM O space on the unit circle 9B;. A
consequence of the classical Fefferman Theorem (the results are in fact equivalent, see [12]) yields that
this is equivalent to the fact that ' and GG admit a representation of the form

F=p1+Pign, G=g2+Plyy
where IP’I+ denotes the orthogonal projection from the complex space L?(0B;, L;) to the complex Hardy
space H?(0B;) and 1, @2, 1,12 € L>®(0By, L;). Therefore f € BMO(OBy) if and only if
fr=F+GJ = o1 + PLiby + (g2 + Phabo)J = 1 + g2 + PL(Y1 + ¢2])

where, thanks to the orthogonality of I and J, @5 := @1+ ¢2J and ¢1 := 1)1 +1)9J belong to L (0By).
Extending the functions ¢ and 17 by means of formula (4), i.e. defining p(z +y.J) = ext(¢r)(z +yJ)
and 9(x +yJ) = ext(¢r)(x +yJ), leads us to conclude: slice functions belongs to L>°(9B) if and only
if they belong to L>°(9B;) on one and hence on each slice OB; (see Proposition 3.1). U
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4 Hankel operators

Given any quaternion valued sequence « : N — H we can define the Hankel operator I'y, acting on H

— ) Foo
valued sequences v = (v;) j=0 as

o0
(Tav)(j) = > i + k)o(k),
k=0
i.e. by matrix multiplication by the infinite matrix M, = [a(j +k)]12° 7 k2o With constant antidiagonals. As

we said in the introduction, Nehari’s problem concerns the characterization of bounded Hankel operators.
Let us begin by a reformulation of Nehari Theorem in the quaternionic setting, involving slice L*°
functions (compare with Theorem 1.1 in [6]).

Theorem 4.1. Let « = {ap}tnen C H be a quaternion valued sequence. Then the operator ' is
bounded on (*(N,H) if and only if there exists 1» € L°(9B) such that w( ) = Q@ for any m > 0. In
this case

inf{]|9)]| oo (om) : ¥ € L(OB), ¥(m) = Tn, m > 0} < [Tz vy
< 2inf{[[Y| L~ @p) : ¥ € LsT(OB), ¥(m) = @, m > 0}.

Proof. Let ¢ be the generating function of the sequence @, ©(q) = ), ¢"@y. Theorem 1.3 (proved
in [6]) states that T',, is bounded if and only if ¢ belongs to the space BMOA(OB) of slice regular
BMO functions. Recalling Proposition 8, we get that ¢ is in BMOA(JB) if and only if there exists
Y € L°(0B) such that P 1) = ¢, namely such that @(m) = @, for any m > 0, thus proving the first
part of the statement.

Suppose now that the operator I',, is bounded. To estimate its norm, consider the bilinear operator
G, associated with I, defined on the dense subset of couples of finitely supported sequences (a =

{an}neNa b= {bn}neN) in EQ (Na H) X 62 (N7 H) by
Go(a,b) == <b, Faa 82 NH) Z Zan+kakb
n>0 k>0
It is not difficult to see that G, is bounded if and only if I',, does, and

sup ’G (C, d)’ — HFa||B(€2(NH))'
c.dee2(NH),e,d20 el vy - 1]l v ’

(€))

Let f(q) :==a(q) = >_,>0¢"an and g(q) := b(g) = >_,,5( ¢"bn be polynomials in H?(OB). Then

J
= > e by =Y ;> aj nbn = (f*9,0) 12008 - (10)

n>0 7>0 i>0  n=0

Moreover, the previous equality holds true for any ¢ € L2°(0B) such that P41 = . Thus, for such a
1), we can write

|Ga(a,b)|:’<f*g, L2 813‘_‘/ LZJ )(f *9)(q)d>X(q ‘ /do’ / (e]t)“f*g(elt)‘dt
2
< 1bll o om) /S do () /0 £ [g(e™)] de

12



where J = (f(ef*))"1If(e!*) is determined in view of Proposition 2.1 (the fact that f € H?(OB)
guarantees that if f # 0, then it is non vanishing almost everywhere at the boundary, see [11]). Using
Representation Formula (4), we have

l9(e”)] < lg(e")] + lg(e™")],

so that

27 27
Ga(a,B)] < ]z (o5) ( /S do (1) /0 £ |a(e™®)] dt + /S do () /0 £ \g<e—“>»dt) .

By Cauchy-Schwarz inequality we get then

|Gala,b)| < 2[1¢l| Lo om) - 1/l r2(0m) - 191l L2(0m) (11)

where we used the fact that if g(q) = g(g) then ||| 2(s8) = |9l £2(om) for any g € H?(0B). By density
of finitely supported sequences in #2(N, H), we obtain

ITallezmm) = 1Gallgemmxewm) < 2[9] L @)

The fact that 1) is an arbitrary element of L°(9B) such that P11 = ¢ yields that

ITallgeemm) < 2inf{{|Y] L~ @p) : ¥ € Ls(OB), ¥(m) = @, m > 0},
On the other hand, since ¢(q) = },,~( ¢" @y, belongs to BMOA(IB), which, as stated by Theorem
5.6 in [6], is the dual space of H'(OB), we have that the linear operator A, : H'(0B) — H given by

Aah = < L2 (0B) = Z Oén

n>0

is well defined for any h(q) = >, q”ﬁ(n) € H'(OB). As proven in [6], we can identify H'(OB)
with H?(0B) x H?(0B) + H?(0B) « H?(0B), where the norm is defined as

|2ll 222 (o) 2 (8B) + H2 (9B« H2 (9B)

= inf { S I fellieom - lgtllrzcomy - h =D fix gus foo g1 € H(OB) }.

t=1,2 t=1,2

Hence if h € H'(OB) decomposes as h = f1 x g1 + fa * g2, with f;(q) = Y n>04"(at)n, gt(q) =
> n>0q" (be)n € H?(0B), fort = 1,2, we can write

Zanz a1 bl k—l—ZanZ a2 bz n k—Ga(al,b1)+Ga(a2,b2).

n>0 n>0

If I',, (and hence (G,) is bounded, then

[Aa(R)] < Gallemmxemm) (latllewm - 101lleam + lazlleom - [102llemm)

= 1 Gallpezm,mxeam) (1f1llaz@s) - |91l mz@om) + [ 2l H208) - 192]lm2008)) -
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Since the decomposition h = f1 * g1 + f2 * g is arbitrary, taking the infimum on all possible decompo-
sitions of h in H2(OB) « H2(0B) + H?(0B) x H?(0B), we get
[Aa(P)| < |Gall Bz v m) ez (v, || 2 (08« 2 (0B) + 12 (9B)x 2 (9B)
and hence that
| AallB(r2 0By« 2 (9B)+ 2 (9B)x 2 (0B)) < ITall B2 (,1)) - (12)
Since H?(0B) x H?(0B) + H?(0B) x H?(0B) = H'(0B) is a linear subspace of L!(JB), by the

quaternionic Hahn-Banach Theorem 3.4 we can extend A, to a bounded linear operator A on gé (OB)
with same norm. Recalling Theorem 3.5, we get then that there exists ¢ € L2°(0B) such that A(f) =
(fs1)12(om) for any f € L' (OB) and such that

Al B(rr2(omys 2 (0B + 2 0By 2 (38)) = [ AllB(L10m)) = V] Lo (0m)-

Moreover, since A|H2(B)*H2(B)+H2(B)*H2(B) = A, we get that P ¢ = ¢ and hence we conclude

inf { || oo am) ¥ € L (OB), (m) = G, m > 0} < ||Tal s ov.1))-
O

Hankel operators admit also a realization as operators from the Hardy space H?(9B) to its orthogonal
complement H2(9B). Let ¢ € L2(9B) have power series expansion ¢(q) = Y., ., ¢"®(n). On the
dense subset of polynomials in H2(OB), we can define the operator associated with ¢

H,: H*(0B) — H2(0B)

as
Hyf =P_ (% f). (13)
If we do explicit computations we get
Hof =P (3¢ @n—k)f(h) = a" Y @n— k) (k). (14)
nez keZ n<0 k>0

Hence the matrix associated with H,, with respect to the basis {¢"},>0 of H(dB) and {g"},>0 of
H?Z(0B), is the Hankel matrix (Z(n — k))n<0 £>0-

With this in mind, the characterization of bounded Hankel operators, acting on H?(9B), can be given
in the following way.

Theorem 4.2. Let ©(q) = >, ., ¢"P(n) € L%(OB). The following conditions are equivalent:
(1) H, is bounded on H?(OB);
(2) there exists 1) € L°(0B) such that @Z(m) = @(m) for any m < 0;

(3) P_p € BMO(8B).



If one of these conditions holds, then

inf{|[]| o< omy ¥ € LE(OB),1(m) = @(m), m < 0} < | Hy|lser2(omy)

~

< 2inf{[[¢]| Lo (om) : ¥ € LT (OB), ¢p(m) = §(m), m < 0}

15)

Proof. Consider the sequence @ := {@(—n)}n>0 € ¢*(N, H). Equation (14) implies that H,, is bounded
on H?(OB) if and only if the operator I'; is bounded on ¢*(N, H). The equivalence of statements (1) and
(2) is therefore a consequence of Theorem 4.1: I'; is bounded if and only if there exists ¢ € L3°(0B)
such that 1(m) = $(—m) for any m > 0 which, considering v(q), is equivalent to condition (2).

The equivalence of (2) and (3) can be proven as follows. First, Proposition 3.9 states that (3) is
equivalent to the existence of a function ¢ € L3°(9B) such that P_1) = P_¢. Then, since ¢ € L°(9B)
if and only if ¥¢ € L2°(0B) (see Proposition 3.6) and the projection operator P_ commutes with the

regular conjugation, we conclude that P_(¢¢) = P_(¢°), i.e. that ¢¢ is the function that realizes
condition (2).
Inequalities (15) are a direct application of inequalities (9) to the operator I'5. O

Equivalence of conditions (1) and (2) in particular says that ¢ in L2(9B) is such that H, is bounded
if and only if there exists ¢ € L3°(0B) such that H, = Hy. In fact equation (14) implies that H,,
depends only on the negative coefficients of ¢. Thus the class of bounded Hankel operators on H?(9B)
is covered by operators of the form H,, with a bounded symbol ¢ € L°(0B). We can finally prove the
announced result relating the norm of a Hankel operator with the L°°-distance of its symbol from the
space of bounded slice regular functions.

Theorem 4.3. Let ¢ € L°(0B). Then

| Hollpr2(om)) = inf{lle — fllz~@m) : f € HZ(OB)}. (16)

Proof. Let € L°(0B) be such that P_1) = P_¢. Then H, = Hy, and

[ Hy (f)llL2(om)

H 2 = H 2 ==
1Hellsreomy = I1Ho s om) remzom), 20 |1fllz20m)

Since H,, is bounded, we can express it as a projection (extending definition (13) to the whole H 2(0B)),
thus obtaining

[ Hy (F)llzomy = P- (¥ * llz2@om) < 190 * flizz@om) = 1% * )l 22(0m) (17)
= 1F°* ¥l 2wy < 1F°l 220m) 1¥° | Lo (0B)

where we used Proposition 2.2 and where the last inequality follows from the integral form (5) of the
slice L2 norm and from Proposition 2.1: if f € H?(0B) and f # 0, then f¢ € H?(9B) and it is almost
everywhere non-vanishing on 0B so we can write

||fc*¢cHL§(alB):/ fc(elt)llbc(f"’(e”)16[tfc(6”))!d2(6”)ﬁ/ o) (™) [%° | Los (om)
oB oB

15



Recalling that for any f € H?*(OB) C LI (9B), || f|l12(s8) = || /|l L2(s8) and that, thanks to Proposition
3.6, for any ¢ € L°(9B), [|¢[| Lo (am) = 19| o< (om)> We get

1Hy ()l 20m) < [[f1lL208) 191 L0 08). (18)

and hence that
[ Hollsm20m)) < 19¥llL(0B)-
Since v was an arbitrary element of L°(9B) such that P_1) = P_¢, we obtain that

| Hol a2 omy) < inf{]|9]| e (amy = ¥ € L(OB), (m) = @(m), m < 0}

and hence, recalling the first inequality in (15), that

| Hy |l g(r2(om)) = nf{l[]| Lo @m) : ¥ € L7 (OB), ¥(m) = @(m),m < 0}
which is a reformulation of equality (16): on the one hand ¢ — f € L°(9B) and P_(¢ — f) = P_¢ for
any f € H*°(9B); on the other hand ¢ — 1) € H*°(0B) for any ¢» € L°(0B) such that P_y) = P_o.
O

To prove that the infimum in equation (16) is attained for any ¢ € L3°(0B) we need the following
version of Montel Theorem for slice regular functions.

Theorem 4.4. Let { f,,} be a uniformly bounded family of slice regular functions on B. Then { f,} has a
subsequence convergent uniformly on compact sets to a slice regular function.

Proof. Let I € S be any imaginary unit and let J € S, J orthogonal to I. For any n, consider the
restriction f7, of f, to B;. Thanks to the Splitting Lemma (see [13]), for any n, there exist two holo-
morphic functions Fr ,, Gty such that fr, = Fr, + Gr,J. Since for any n |f1,n|2 = |F1,n|2 + |G1,n|2
we get that both F7,, and Gy, are uniformly bounded. Thanks to the classical Montel Theorem, up to
subsequences both F7,, and G, converge uniformly on compact sets to holomorphic functions F' and
G respectively. Hence, up to subsequences, f7, converges uniformly on compact sets to f; := F'+ GJ.
Extending f; by means of the representation formula (4) we get that, up to subsequences, f,, converges
uniformly on compact sets to f := ext(f7). The uniform convergence guarantees that f is slice regu-
lar. O

Now we can show that the infimum in equation (16) is in fact a minimum.

Proposition 4.5. Let ¢ € L°(0B). Then there exists g € H*(0B) realizing the distance of p from the
space of bounded slice regular functions, that is such that

[ Hollpr2(0m)) = ll¢ — 9ll Lo~ (0B)-
Such a g is called an L°°-best approximation of ¢ by a slice regular function.

Proof. Letm = inf{||p — f|lp=(@m) : f € H>(IB)}. Since the zero function is a competitor, we get
that m < ¢ oo (am)- If m = ||| Lo (am)> then the zero function is the desired best approximation slice
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regular function. Otherwise, let { f,, } be a minimizing sequence, i.e. a sequence of functions in H*°(9B)
such that lim;, ;o [|¢ — fn|| oo (9m) = m. Then, for n sufficiently large, we have

[ frll o) — ¢l o) < I — fallze@m) < l@llL~@B)

that implies
| fall oo o) < 2[00l oo (o)
i.e. that { f,,} is uniformly bounded. Theorem 4.4 lead us to conclude. O

A natural question is then investigate the uniqueness of such a function. As in the complex case (see
[18]) we can prove the following.

Theorem 4.6. Let ¢ € L°(0OB) be such that H, attains its norm on the unit ball of H?(OB), that is
such that ||Hy|| g(r2om)) = [1He9| 12(0m) for some g € H?(OB) with 91l 2om) = 1. Then there exists
a unique [ € H>®(IB) such that

I = fll oo (om) = distre< (s, H(OB)).

Proof. Suppose without loss of generality that || Hy || 3(2(9m)) = 1, and let f € H°°(OB) be such that

I — flle(om) = |Hyllg(a258)) = 1-

Then, since g realizes the norm of H, and H, = H,_; (since P_yp = P_(¢ — f)), proceeding as we
have done in the proof of Theorem 4.3 to obtain (17) and (18), we get

L= [Hyllpr2(0m)) = [Hp—fllB208) = |1Ho—rdll20m) = IP-((¢ — f) * 9)l|22(88)
<|(e = f)*gllzm) < l9llz2@m)lle — fllL=@m) = l9ll20m) = 1.

Therefore all inequalities are equalities, and in particular

IP—((¢ — f) *Q)HLg(aIB) = l(p—f) *QHLg(aIB)
which means that (¢ — f) * g € H? (0B) and that

Hog=H, 9= (¢—f)*g.

Recalling that the symmetrization of a function in H?(0B) belongs to H'(OB) and that functions in
H'(OB) are nonvanishing almost everywhere at the boundary (see [11]), we can consider the regular
reciprocal of g, g7* = (¢°) ~'¢¢, and obtain f as

f=9—Hyg*g "~

where H,g  g~* does not depend on g (if § € H?(9B) is such that || H, | gm2(om)) = | Hpdll 22 (am)
with [|g|[z2(am) = 1, then, using the same arguments used for the function g, we get that H,g x §~* =
H,g* g™ = ¢ — [). Therefore we get that f is uniquely determined by .

O
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We conclude this paper with a characterization of Hankel operators involving shift operators, that
reflects the one holding in the complex case, see [18].
Let S : L2(0B) — L2(0B) denote the bilateral shift operator,

(S£)(q) = g¢* f(q) = qf (q) forany f € L2(0B),

whose adjoint is (S* f)(q) = G * f(q), and let T : H?(0B) — H?(9B) denote the right shift operator,

(Tf)(q) = g * f(q) = qf(q) forany f € H*(OB)

whose adjoint is the left (or backward) shift operator introduced in [3], (T*f)(q) = ¢ (f(¢) — £(0)).
Notice that the operators P_ and .S do commute.

Theorem 4.7. Let R : H?(OB) — H? (0B) be a bounded operator. Then R is a Hankel operator if and
only if
P_SR = RT. (19)

Proof. Suppose first that R is a Hankel operator, R = H, with ¢ € L°(0B). Then, for any f €
H?(0B),

P_SRf(q) =P_SH,f(q) =P-SP_p* f(q) =P_qgx¢* f(q)
=P_pxqx f(q) = Hy,Sf(q) = H/Tf(q) = RT f(q).

Let now R be an operator satisfying equation (19). To complete the proof we need to show that the
matrix associated with R with respect to the bases {q"},>0 of H?(0B) and {¢"},~0 of H2(OB) is a
Hankel matrix. Forany j > 1,k > 1,

<qu7qk>L§(8B) - <Rqu717qk>L§(8B) - <P_Squil’qk>Lg(aB)

— (SR! —k> _ <R j—1 S*—k> _ <R j—1 —k+1>

< ¢ 4 L2(5B) ¢ 0 L2(0B) ¢ 4 L2(8B)

which is the condition for R to be a Hankel operator. O
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